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CHAPTER I 

1.J In t roduc t ion  and Ou t l ine  of Report 

The impact of modern control theory  has  y e t  t o  make i t s e l f  f e l t  i n  

a l a r g e  percentage nf Lndustrial, military, m d  rpate zpplicaticns. Gae 

reason f o r  t h i s  i s  t h e  f a c t  t h a t  those  i n  r e spons ib l e  p o s i t i o n s  had a l r eady  

graduated from t h e  U n i v e r s i t i e s  before  t h e  s ta te  space methods w e r e  i n t r o -  

duced. Since s ta te  space methods have been i d e n t i f i e d  w i t h  the t i m e  

domain and i n t e g r a l  performance ind ices ,  t hese  methods a r e  not  f a m i l i a r  t o  

any except  recent  graduates .  

This  r e p o r t  o u t l i n e s  a method of l i n e a r  system s y n t h e s i s  u s ing  s ta te  

v a r i a b l e  feedback that does not  r equ i r e  a use of t h e  time domain or of 

v e c t o r ,  ma t r ix  equa t ions .  The s t a t e  v a r i a b l e s  are i d e n t i f i e d  as t h e  rea l ,  

phys i ca l  q u a n t i t i e s  t h a t  a c t u a l l y  e x i s t  i n  the  system, r a t h e r  than as 

a b s t r a c t  mathematical  i nven t ions .  The des ign  c r i t e r i a  i s  the  d e s i r e d  

c losed  loop response,  and only a lgebra  i s  needed t o  complete the  s y n t h e s i s .  

This r e p o r t  d i f f e r s  markedly from the  previous r e p o r t s  t h a t  have been 

submit ted on t h i s  c o n t r a c t .  This  r e p o r t  a t t empt s  t o  reduce t h e  a p p l i c a t i o n  

of modern c o n t r o l  theory t o  p rac t i ce ,  whi le  previous r e p o r t s  have been more 

t h e o r e t i c a l  i n  na tu re .  This  is i n  l i n e  w i t h  the po l i cy  agreed upon wi th  the  

c o n t r a c t i n g  agency, namely t h a t  some of our  r e p o r t s  should be d i r e c t e d  t o  

t h e  p r a c t i c i n g  engineer  r a t h e r  than the  r e sea rche r .  

The H equ iva len t  method of l i n e a r  system syn thes i s  makes up the  

body of t h e  r e p o r t ,  and t h i s  i s  contained i n  Chapter 2 .  The f u r t h e r  e f f o r t  

suggested by t h i s  r e sea rch  i s  b r i e f l y  mentioned i n  Chapter 3 .  
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C h a p t e r  2 has  a number of s ec t ions .  Af t e r  a b r i e f  i n t roduc t ion  i n  

Sec t ion  2-1 ,  a l t e r n a t e  means of  represent ing  s ta te  v a r i a b l e  feedback systems 

are d iscussed  i n  Sec t ion  2.2.  The approach of t h i s  chap te r  i s  r e l a t e d  t o  

t h e  f a m i l i a r  technique of Guillemln and Truxal i n  the  fo l lowing  sec t ion .  

The H equ iva len t  method is introduced i n  Sec t ion  2-4, and appl ied  t o  t h e  

s imples t  case. Modif ica t ions  tha t  are poss ib l e  when a l l  t h e  s ta te  v a r i a b l e s  

are no t  a v a i l a b l e  are d iscussed  in  Sec t ion  2.5, and t h e  general  case i s  t r e a t e d  

i n  Sec t ion  2.6. Sec t ions  2,  4, 5, and 6 inc lude  d e f i n i t e  design procedures 

that  may be app l i ed  i n  p r a c t i c e  today. A number of less d i f i n i t i v e  

a l t e r n a t e  approaches are considered i n  Sec t ion  2.7, and t h e  Chapter i s  

concluded i n  t h e  f i n a l  s e c t i o n .  

The t o p i c s  mentioned i n  t h e  chap te r  on f u r t h e r  s tudy  are those t o p i c s  

Other t o p i c s  n o t  r e l a t e d  t o  t h i s  t h a t  have been suggested by t h i s  r e p o r t .  

r e p o r t  are included i n  t h e  o t h e r  volumes. 



2.1 - I n t r o d u c t i o n  

-- 
~ h i s  Chapter o u t l i n e s  a new method of system s y n t h e s i s  for s i n g l e  inpu t ,  

s i n g l e  ou tpu t ,  l i n e a r  c o n t r o l  sys t ems .  The method is based on t h e  feedback 

of a l l  of t h e  s t a t e  v a r i a b l e s  through cons tan t  ga in  elements.  I f  a l l  of t h e  

s t a t e  v a r i a b l e s  are n o t  a v a i l a b l e ,  t h e s e  are e f f e c t i v e l y  simulated by i n t r o -  

ducing dynamics i n  t h e  feedback paths of  those  v a r i a b l e s  t h a t  are a v a i l a b l e .  

I n  t h e  case when only  t h e  output  v a r i a b l e  is a v a i l a b l e ,  which i s  never,  t h e  

method reduces t o  t h a t  of Guillemin and Trwal. The l a s t  s e c t i o n  of t h i s  

Chapter a l l u d e s  t o  work that  is now i n  progress  t o  ex tend  t h i s  approach t o  

n o n l i n e a r  systems and t o  m u l t i p l e  i n p u t ,  m u l t i p l e  ou tpu t  s y s t e m s .  

Although t h i s  work is  based d i r e c t l y  upon a j o i n t  a p p l i c a t i o n  of t h e  

Second Method of Liapunov and the  !<axinurn P r i n c i p l e  of Pont ryagin ,  t h e  lan- 

guage of t h i s  Chapter is almost exc lus ive ly  the  Laplace t ransform r a t h e r  than 

v e c t o r ,  ma t r ix  a lgebra .  This is i n  l i ne  wi th  t h e  p o l i c y  s ta ted  i n  Chapter I, 

namely t h a t  t h e  r e p o r t  s h a l l  be  w r i t t e n  so as t o  convey t h e  g r e a t e s t  amount 

of in format ion  t o  t h e  g r e a t e s t  number of r e a d e r s  i n  t h e  least p a i n f u l  form. 

I n  a few cases an e q u i v a l e n t  matrix equa t ion  is given ,  b u t  t h e  material is 

completely c o n s i s t e n t  wi thout  these  ma t r ix  equat ions .  Because of t h i s  some- 

what a r t i f i c i a l  r e s t r i c t i o n  t h a t  t h e  au tho r s  have placed upon themselves,  

t h e  r e s u l t s  presented  he re  are lacking  i n  proof .  On t h e  b a s i s  of a few 

examples, a gene ra l  conclus ion  i s  s t a t e d ,  although a r e f e r e n c e  is always 

given. This approach may be somewhat c o n t r a r y  t o  t h e  accepted  s c i e n t i f i c  
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method, bu t  experience has  shown t h a t  i t  i s  pedagogical ly  sound. The i n t e r -  

e s t e d  reader  may f ind  a more d e t a i l e d  and ex tens ive  t rea tment  i n  the r e fe rences .  

2 .2  System ReprZsAztation 

A convent ional  feedback con t ro l  conf igura t ion  is  shown i n  Fig. 2.2-1. 

In  t h i s  b lock  diagram the  t r a n s f e r  func t ion  of t he  p l a n t  being c o n t r o l l e d  is 

l a b l e d  G (s ) .  Usual ly  t h i s  p l a n t  is u n a l t e r a b l e ,  and t h e  dynamics of  t h e  
P 

ioop systen, col ,cro l led  by tkte use of  C - - # l l - - - * .  ~ r r u v u t  n, :- 1 1 1  L U ~ L J  ---4..-.-. UIIL- 

t i o n  wi th  series and feedback compensation networks. The t r a n s f e r  func t ion  

of t he  series compensation network i s  des igna ted  G ( s ) ,  and H ( s )  is the  t r a n s f e r  

func t ion  of the  feedback compensation elements.  The Laplace t ransform of  t h e  

inpu t  and output  a r e  R ( s )  and C(s) r e s p e c t i v e l y .  This  n o t a t i o n  i s  common 

i n  t e x t s  on c o n t r o l  engineer ing .  

C 

I n  t h e  pages t h a t  fo l low we cont inue t o  r e f e r  t o  t h e  f i x e d  p l a n t  as 

G p ( s ) -  The t r a n s f e r  func t ion  of  t he  o v e r a l l  c lo sed  l oop  system, C ( s ) / R ( s ) ,  

is simply r e f e r r e d  t o  as t h e  t r a n s f e r  func t ion  of the  system. That po r t ion  

of t h e  system t h a t  i s  not  included i n  the  p l a n t  i s  des igna ted  as the  cont ro l -  

ler .  I n  F ig .  2.2-1, f o r  ins tance ,  t h e  c o n t r o l l e r  would c o n s i s t  of G (SI, 

H ( s ) ,  and the  summer  immediately preceeding I: ( s ) .  

C 

C 

A conclusion of modem cont ro l  theory is  t h a t  i n  o r d e r  t o  minimize an 

i n t e g r a l  type  performance index involving a q u a d r a t i c  func t ion  of t he  s ta te  

v a r i a b l e s  and t h e  control e f f o r t ,  i t  is  necessary t o  feedback a l l  of the  s ta te  

v a r i a b l e s  through cons tan t  ga in  elements.  I n  t h i s  Chapter w e  are not  i n t e r -  

e s t e d  i n  i n t e g r a l  type  performance ind ices .  

des ign  i s  a s ta tement  of t h e  des i r ed  closed loop frequency response.  However, 

w e  make use of t h e  important  conclusion of modern c o n t r o l  t:7eory, namely t h a t  

The c r i t e r i a  t o  which we s h a l l  

a l l  of t h e  s t a t e  v a r i a b l e s  should be  fed  back. I f  C ( s ) / R ( s )  has  an n t h  o r d e r  

c h a r a c t e r i s t i c  equat ion ,  t h e  svstem is  desc r ibab le  i n  t e r n  of n s t a t e  v a r i a b l e s .  
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Fig. 2.2-1 A convent ional  f eedback  con t ro l  conf igu ra t ion ,  where 

G p ( s )  = Transfer  func t ion  of t h e  fixed p lan t .  

Gc (s)  = Transfer  func t ion  of series compensator. 

H ( s )  = Transfer  function of feedback ccmpensator. 
G ( s )  = Transfer  func t ion  of t h e  forrlard path,  

G(s>  = G ( s ) S  (s) 
C P 



w r i t t e n .  The po in t  i s  t h a t  one need not  make a b i g  i s s u e  over  s t a t e  v a r i -  

a b l e s  -- they are presen t  i n  the descr ib ing  d i f f e r e n t i a l  equat ions .  

6 

T h e s e  s t a t e  v a r i a b l e s  a r e  not  unique, and any n v a r i a b l e s  whfch a r e  capable  

of completely spec i fy ing  t h e  system 5ehavior  a re  s a t i s f a c t o r : .  Here w e  

concen t r a t e  on one specif ic  s e t  of s t a t e  v a r i a b l e s ,  t he  real ,  phys i ca l ,  

v a r i a b l e s  i n  which the  p l a n t  and conpensator d i f f e r e n t i a l  e q u a t i m s  z r e  

Thus fa r  w e  have accepted only  one conclusion from modern control 

theory  -- namely, "feedback a l l  the state va r i ab le s . "  In  order t o  p f c t u r e  

how t h i s  might be accomnlished, the convent ional  c o n t r o l  conf igu ra t ion  of 

'ig. 2.2-1 i s  not  ade;uate. The inadequacy of F i g .  2.2-1 stems frcm the  

" t r a n s f e r  func t ion"  approach to  con t ro l  sys t en  a n a l y s i s  and design t h a t  has 

become s o  popular  i n  t h e  p a s t  twenty years. The philosophy of t he  " t r a n s f e r  

func t ion"  approach i s  t h i s .  The phys ica l  s y s t e m  t o  be  c o n t r o l l e d ,  t he  

p l a n t ,  i s  descr ibed  by d i f f e r e n t i a l  equat ions.  n e s e  d i f f e r e n t i a l  equat ions  

are transformed and t h e  r e s u l t  descr ibed i n  block diagram form. Now t h e  

phys ica l  o r i g i n s  of t h e  problem are  no longer  important .  It  does not  matter 

i f  t h e  phvs ica l  system be ing  con t ro l l ed  i s  a r e a c t o r  o r  a pos i t i on ing  servo- 

mechanism. The problem has been reduced t o  a s tandard  form, f o r  which a 

v a r i e t y  of a n a l y s i s  and syn thes i s  nethods have been developed. 

This  gene ra l  i d e a  of making a l l  problems look a l i k e  has  m e t  wi th  remark- 

a b l e  success  over  t h e  y e a r s .  

can work on r e a c t o r  c o n t r o l ,  once h e  has been given the  governing equat ions .  

However, t h e  s t r e n g t h  of t h i s  approach is  a l s o  i t s  weakness. By making a l l  

For example, a s p e c i a l i s t  i n  pos i t i on ing  systems 

systems look a l i k e  i n  t h e i r  transformed form, t h e  phys ica l  o r i g i n s  of t h e  

problem are no longer  apparent .  But i f  a l l  of t he  s t a t e  v a r i a b l e s  are t o  be 

fed  back, then t h e  v a r i a b l e s  whose i d e n t i t y  has  been obscured by t h e  t r a n s f e r  

func t ion  approach must be important.  This  is  t h e  b a s i c  d i f f e r e n c e  between 
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t h e  modern des ign  philosophy and t h e  convent ional  des ign  philosophy. 

modern approach r e q u i r e s  a maximum of d e t a i l  i n  t he  system r ep resen ta t ion ,  

The 

so  t h a t  a l l  of t h e  s ta te  va r i ab le s  may be recognized. Hopefully, t hese  

v a r i a b l e s  are a l s o  a v a i l a b l e  f o r  neasurement and c o n t r o l .  

Modern c o n t r o l  theory,  p a r t i c u l a r l y  t h e  Maximum P r i n c i p l e ,  makes no 

p rov i s ion  for i n c r e a s i n g  the  order  of t h e  p l a n t  t o  be c o n t r o l l e d  by t h e  

additior; ~f series ~ i ~ i i p i ~ ~ i ~ i t i ~ i ~ .  The desigii  procedure advocated h e r e  does 

make use  of series compensation, i n  a d d i t i o n  t o  s ta te  v a r i a b l e  feedback 

through cons t an t  ga in  elements.  This provis ion  i s  a n t i c i p a t e d  i n  Pig. 2.2-1 

by l a 5 e l i n g  t h e  forward t r a n s f e r  func t ion ,  G (SIC, (s )  as simply C ( s ) .  To 

a l l o w  f o r  series compensation i n  the  f i n a l  design technique,  w e  s h a l l  a is-  
C ? 

t h a t  e x i s t  i n  t i m e ,  hence t h e  unusual no ta t ion .  Whether x (s) o r  x i ( t )  is  
i 

cuss  c o n t r o l  of t h e  modified p l a n t ,  C ( s ) ,  r a t h e r  than the  p l an t  i t s e l f .  Of 

course ,  G(s) is j u s t  t h e  p l a n t  i f  no series compensation i s  needed. Fig.2.2-2 

d e f i n e s  t h e  n o t a t i o n  t h a t  is used to  r e p r e s e n t  t h e  t r a n s f e r  func t ion  G ( s ) ,  

a s  w e l l  as t h e  des igna t ion  of  the system s t a t e  v a r i a b l e s ,  x1 t o  x . Xote 

t h a t  on t h e  diagram the  s t a t e  v a r i a b l e s  are no t  des igna ted  as x . ( s )  o r  as 

x i ( t ) .  

a b lock  diagram. But  t hese  va r i ab le s  are  real, phvs ica l  s y s t e m  v a r i a b l e s  

n 

1 

S t r i c t l y  speaking,  they should be designated as x ( s ) ,  since t h i s  i s  i 

I 

intended is  always clear from t h e  contex t .  

Severa l  o t h e r  comments about Fig.  2.2-2 are i n  o rde r .  The state v a r i -  

a b l e s  i n d i c a t e d  are assumed t o  be a c t u a l  phys i ca l  v a r i a b l e s ,  r e l a t e d  t o  each 

o t h e r  by d e f i n i t e  ga ins  and t i m e  cons tan ts  t h a t  are inhe ren t  t o  t h e  system 

being cont ro l le t l .  This  i s  not always a r e a l i s t i c  assumption, as wi th  complex 

conjugate  po le s ,  for i n s t a c c e .  However, t h i s  assuxpt ion  w i l l  be  maintained 

he re  i n  o r d e r  t o  i n i t i a t e  t h e  d iscuss ion .  

I 
1 
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The c losed  loop sta te  v a r i a b l e  feedback conf igu ra t ion  a s s o c i a t e d  wi th  

F igu re  2.2-2  is i n d i c a t e d  i n  F i g .  2.2-3 .  Here t h e  k ' s  are a l l  assumed t o  

be cons t an t .  The o v e r a l l  des ign  problem t h a t  f a c e s  u s  Is no:? c l e a r  I n  t e r . s  

of Fig.  2.2-3. I f  G ( s )  i s  of n r d e r  F, 5s.: r h s l l  ::c p i c k  t h e  o r d e r  af C{,) 

and how s h a l l  w e  e v a l u a t e  a l l  of t h e  feedback c o e f f i c i e n t s ,  ki ,  i n  o rde r  t o  

r e a l i z e  a d e s i r e d  system behavior? This chap te r  i s  devoted t o  answering 

t h i s  ques t ion .  

i 

P 

I n  terns of modern c o n t r o l  theory, t h e  s y s t e m  of Fig.  2.2-3 i s  over lv  

r e s t r i c t i v e ,  i n  t h e  sense  t h a t  the s t a t e  v a r i a b l e s  are s p e c i f i c a l l v  ind ica t ed .  

A p a r t i c u l a r  des iqner  m a v  w i s h  t o  use t h e  ou tput  and its n-1 d e r i v a t i v e s  a s  

an a l t e r n a t e  choice of s t a t e  v a r i a b l e s .  Thfs  is ,  of course ,  a p o s s i b i l i t v ,  

b u t  n o t  one t h a t  i s  considered here. 

The system of Fig. 2.2-3 may appear ove r ly  r e s t r i c t i v e  i n  another  way, 

s i n c e  only  one ze ro  i s  i n d i c a t e d  i n  t h e  i t h  block. This is  meant t o  i m p l y  

t h a t  a ze ro  may appear i n  any block, t h a t  is, i can be any number from 1 t o  m. 

I n  t h e  gene ra l  case  t h e r e  are a of t h e s e  zeroes ,  and t h e r e  i s  no r e s t r i c t i o n  

on which block any of t he  m zeroes may occupy. 

The system conf igu ra t ion  of F i g .  2.2-3  is  n o t  a convenient one w i t h  

which t o  work because of t h e  many i n n e r  loops.  These i n n e r  loops may be 

e l imina ted  by b lock  diagram reduct ion .  

diagram reduc t ion  immediately suggest themselves, and t h e s e  are r e f e r r e d  t o  

as t h e  C (s) r educ t ion  and t h e  H ( s )  reduct ion ,  as i n d i c a t e d  i n  Fig.. 2.2-4. 

This  is  read as the  C: equ iva len t  reduct ion  and t h e  H equ iva len t  reduct ion .  

Both of t h e s e  t r a n s f e r  func t ions  are r e f e r r e d  t o  a s  b e i n g  "equiva len t"  because 

n e i t h e r  exists phys ica l ly  i n  t h e  a c t u a l  system. These block diagram r educ t ions  

Two svs t ema t i c  methods of b lock  

eq eq 
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Fig. 2 . 2 - 4 a  Tfie G (s)  representation of Fig. eq  
2.2-3. 

Fig. 2.2-4b. The H ( s )  representation of Fig. 2.2-3.  

Fig. 2.2-4. Alternate simplified block diagram reductions of Fig. 2.2-3 .  
eq 
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a r e  j u s t  convenient ways for us t o  view the problem. 

The G (s) reduct ion  is acconplished by s t a r t i n g  with the  innermost 
eq 

loop ,  and combining the  feedback c o e f f i c i e n t  k with t h e  t r a n s f e r  func t ion  

K , / s  + a . Once t h i s  i s  accomplished, k--, forms the  feedback c o e f f i c i e n t  

n 

I? 1, I 

f o r  what is  now t h e  innermost loop. This  procedure is repea ted  u n t i l  no 

i n n e r  loops e x i s t .  The r e s u l t i n g  zeroes  of  G (s) are i d e n t i c a l  t o  those  of 

G ( s ) ,  bu t  t h e  po le  l o c a t i o n s  are d i f f e r e n t .  
eq 

The H (s) reduct ion  a l s o  begins wi th  t h e  feedback c o e f f i c i e n t  kn. 

This  feedback c o e f f i c i e n t  i s  moved t o  t h e  r i g h t  on t h e  block diagram by 

mul t ip ly ing  i t  by t h e  r e c i p r o c a l  of  the  t r a n s f e r  func t ion  x 

and then  combining t h e  r e s u l t  w i t h  k Each of t h e  feedback c o e f f i c i e n t s  n- l ’  

is success ive ly  moved forward, u n t i l  a l l  are u l t ima te ly  combined wi th  k 

t o  y i e l d  H (SI. In  the  f i n a l  block diagram, G ( s )  appears  una l t e red .  

eq 

( s ) / x n ( s ) ,  n-1 

1 

eq 

As an example of a b lock  diagram reduct ion  t o  both t h e  G (s) form and 
eq 

the  H (s) form, cons ider  t h e  pos i t i on  c o n t r o l  s y s t e m  of Fig.  2.2-5, shown 

i n  block diagram form. In  o r d e r  to g ive  a phys ica l  connotat ion t o  the  s t a t e  

v a r i a b l e s ,  ga ins ,  and t i m e  cons tan ts  i nd ica t ed  on F i g .  2 .2-5,  one may assume 

t h a t  t h e  phys ica l  system from which t h i s  block diagram w a s  der ived contained 

a f i e l d  c o n t r o l l e d  DC motor as a power element. In  t h i s  p a r t i c u l a r  case t h e  

s t a t e  v a r i a b l e s  and t i m e  cons t an t s  may be e a s i l y  i d e n t i f i e d  on t h e  block 

diagram of Fig. 2.2-5. 

eq 

If  t he  output v a r i a b l e  is  a c t u a l l y  8 ,  then  x1 i s  8 ,  

x is  d 0 / d t ,  and x3 is t h e  motor f i e l d  c u r r e n t .  The gain K2 = 2 is a phys ica l  2 

proper ty  of t he  motor t h a t  r e l a t e s  t h e  motor v e l o c i t y  t o  the  motor f i e l d  

c u r r e n t ,  and the  po le  a t  s = -3 i s  a s soc ia t ed  with t h e  mechanical t i n e  con- 

s t a n t s  of the  system. The ga in  K3 = 3 i s  a l s o  an i n h e r e n t  motor cha rac t e r -  

i s t i c  r e l a t i n g  f i e l d  c u r r e n t  t o  vol tage  ippu t  t o  t h e  f i e l d .  The po le  a t  

s = -10 i s  a s s o c i a t e d  wi th  t h e  e l e c t r i c a l  t i m e  cons t an t  of t h e  f i e l d  
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F i g .  2.2-5. A simple positioning se tvnmechantsm using s t a t e  variable  feedback. 

7 

x1(s) =C(s>  
1 

s+10 st3 s 

“2 - 2 “ 3  3 

A . 

I 
I 
I 

4 

-k kg 

i 

- k2 
*- 

kl * 



14 

c i r c u i t .  The ga in  K i s  an i d e a l  Lain cons tan t  a s soc ia t ed  wi th  an e l e c t r o n i c  

a m p l i f i e r .  

The procedure f o r  reducing the t h i r d  order  sy..;ten of T i e .  2.2-5 t o  t h e  

G ( s )  form is i nd ica t ed  i n  a step-bv-step fash ion  i n  Fig. 2.2-6, where C, (s)  

is found t o  be 
‘q Ccl 

Goo ( s )  = --- 6 K  (2.2-1) 
---I s [ s &  3 + (13+3Kk3)s + 30 + 9Kk3 + 6Kk21 

Note t h a t  t h e  r i g h t  hand po le  of r i g .  2.2-5, t h a t  is, t h e  po le  a t  s = 0 

remains una l t e red  i n  G 

t e r n s  o f  a second o rde r  polynomial  i n  s .  

t h a t  K i s  f i x e d ,  then i n  t h e  second o rde r  polynomial t h e r e  are s t i l l  two  

f r e e  c o e f f i c i e n t s ,  k and kg. By spec i fy ing  p a r t i c u l a r  va lues  of k and k3 
2 2 

t h e  open loop po le s  of G 

s plane. 

( s ) ,  and the two remaining poles  are s p e c i f i e d  i n  
eq 

I f  i t  is assumed for the t i m e  being 

(s) may be placed a t  any des i r ed  l o c a t i o n  on the . 
eq 

The c losed  loop t r a n s f e r  func t ion  C(s) /R(s )  i s  a l s o  ind ica t ed  i n  

-. rig, 2.2-6b t o  be 

Here t h e  denominator of C ( s ) / R ( s )  is a cubic  i n  s ,  now wi th  3 unspec i f ied  

c o n s t a n t s ,  kl, k2, and k3. 

l oca t ed  anywhere on t he  s plane  by s u i t a b l e  choice  of t he  t h r e e  feedback 

Thus the c losed  loop po le s  of t he  system may be 

c o e f f i c i e n t s .  This  i s  a s i g n i f i c a n t  f e a t u r e  of s ta te  v a r i a b l e  feedback. 

The fo l lowing  gene ra l  s ta tement  i s  t r u e  f o r  t h e  n t h  o r d e r  case. 

I n  t h e  n th  o rde r  case ,  n of t h e  s y s t e m  po le s ,  t he  poles of C(s)i’R(s) 

may be loca ted  anywhere on t h e  s plane  by s u i t a b l e  choice of t h e  n 

feedback c o e f f i c i e n t s ,  . ki 



3K 
s+l@-3Kk c 7 

R ( s )  6K 
eq 

+ 
G ( 8 ) ' -  * 

s [ s +s (13+3Kk3)+30+9Kk 3 %Kk2 

n 

XI(S) = &(SI 1 
s4-3 S 

X - 2 -- *3 

Fig. 2.2-6b.  The G ( s )  f o m  of  F i g .  2.2-5. 
el 

- 4 

i A 

Fig. 2.2-6c. The closed loop t r a n s f e r  f u n c t i o n  for  Fig, 2.2-5. 

i 

F i g .  2.2-6. S t e p s  i n  the b l o c k  diagram reduct ion  of P i g .  2.2-5 t o  t h e  G ( 8 )  
eq form, and ultimately t o  t h e  form of  C ( s ) / R ( s ) .  

- k2 
s 

? 

~, k A 
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xl(s) = C(S) OK 

6 ( s i l )  ( s + l O )  

k (s+lj 3 
I 

k2+ 2 ' A 

+ 
J 

r 

Fig. 2.2-7a. First s t e p  in t h e  reduction of F i g .  2.2-5 to the H (5) form. ec: 

- . H (s) = kltk2s4k3s(s+3)/2 
eq 
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T h i s  s t a t e n e n t  is  proved b y  Brock-ett (191, ) and d i s c u q s e d  a t  some length by 

Scfiultz and Nelsa (1966).  The importance of  this 5 t a t e a e n t  i s  difficult t o  

overer-phasize - 

In  p r a c t i c e ,  k i s  usua l lv  s p e c i f i e d  t o  i n s u r e  z e r o  s t e a d y  s t a t e  e r r o r .  

For example, i n  t h e  pos i t i on ing  s y s t e m  of F i g .  2.2-5, o r  i n  any case  with an 

i n t e g r a t o r  i n  G ( s ) ,  kl i s  made equal t o  1. 

poles is retained if t h e  e ~ ~ p ’ l f f i ~ r  g a i n  K i s  assumed t o  be ad jus t ab le .  This 

1 

The a b i l i t y  t o  p o s i t i o n  a l l  n 
P 

i s  often t r u e  i n  p r a c t i c e .  

On the  basis of t h e  d i scuss ion  thus  f a r ,  we a l r e a d y  have a t  least a 

t e n t a t i v e  des ign  procedure.  

wi th  a compatible number of po les  and zeroes .  Equate C ( s ) / R ( s )  i n  t e r n s  of  

F o r  a qiven C ( s ) ,  pick  a d e s i r e d  C(s>! !?Cs>,  

t he  k ‘ s  and K t o  t h e  d e s i r e d  C ( s ) / R ( s ) ,  and f o r c e  the  c o e f f i c i e n t s  of l i k e  

powers of s t o  be equal .  Often, however, G ( s )  i s  not  given, onlv G (SI, 

wi th  G ( 5 )  unspec i f ied .  Root l o c u s  techniques prove t o  5e h e l p f u l  i n  choosing 

the  form and t e n t a t i v e  pole  and zero l o c a t i o n s  t h a t  must be included i n  G ( s ) .  

Unfor tuna te ly ,  t he  G ( s )  formulation is  no t  e a s i l y  i n t e r p r e t e d  i n  terms of  

r o o t  locus  methods, because the p o l e  l oca t ions  a r e  a func t ion  o f  K .  TFlis 

i 

P 

C 

C 

eq 

is evident  i n  the  example b e j n g  discussed here from E q .  2.2-1. Hence wc 

t u r n  ou r  a t t e n t i o n  t o  t h e  H ( 5 )  formulat ion.  
ecl 

The equivalent feedback compensator, H (s), for the problem of Fig. 2.2-5 
eq 

is given i n  F i g .  2.2-7 as 

k s2+s (2k2+3k3)+2kl 
2 

__---- (2.2-3) 3 
H eq ( s ) =  k 1 2  +k s+k3s(s+3)/2 

Here the nunera to r  of H 

t h r e e  feedback c o e f f i c i e n t s ,  kl, k 2 ,  and k3, and H eq (s) is no t  a func t ion  of K. 

If k t he  two con- 

s t a n t s  k2 and k are s t i l l  ava i l ab le  t o  i n s u r e  t h a t  t h e  r o o t s  of t h e  second 

(s)  is a second o rde r  polynomial i n  s and conta ins  
eq 

is chosen t o  i n s u r e  zero steady state e r r o r  f o r  s t e p  inpu t s ,  1 

3 

order polynomial may be any d e s i r e d  value .  



1.3 

Observe t h a t  i n  t h i s  example H ( s )  has two zeroes ,  and these  are  no t  
eS 

accompanied by any poles .  This is a h i g h l v  d e s i r a b l e  r e s u l t  i n  terms of 

s t a b i l i t y ,  s i n c e  the  open loop t r a n s f e r  func t ion  C ( s ) H  ( s )  now has only  one 

nore p o l e  than zero.  C l e a r l y  i t  would b e  impossible  t o  b u i l d  a device  w i t h  

a t r a n s f e r  func t ion  H ( S I ,  but  recall  t h a t  H (s) does no t  e x i s t  as such 

anywhere i n  the system. An e f f e c t  equ iva len t  t o  us ing  a series com?ensator 

v i t h  the trasfer  f*;?ttimi t! ( 5 )  is ac~ompl:shed by means of s iate  v a r i a b i e  

feedback. 

eq 

eq eq 

eq 

The fol lowing s ta tements  a r e  t r u e  no t  only f o r  t h e  example under d i s -  

cuss ion ,  b u t  f o r  the  genera l  n t h  o rde r  case.  (Schul tz  and Ilelsa, 1966.)  

1. H (s)  has (m - 1) zeroes 

2. If  G(s) has  no zeroes ,  then H (s )  has no poles. 

3 .  If G ( s )  has rn zeroes ,  then 

eq 

eq 

a. if a l l  of t h e  zeroes of G(s )  are t o  the  r i g h t  of xn on 

Fig. 2.2-3, H (s) also  has m poles, and t h e s e  poles  co inc ide  

wi th  t h e  zeroes  of G ( s ) .  The r e s u l t i n g  open loop t r a n s f e r  

func t ion ,  G ( s ) H  ( s ) ,  then has n poles  and (n - 1) zeroes .  

eq 

eq 
b. i f  one zero  is t o  the l e f t  of  x i n  Fig. 2 . 2 - 3 ,  then  H ( s )  

n eq 

has (m - 1) poles ,  and these  are co inc ident  wi th  t h e  (m - 1) 

zeroes  of G(s)  t h a t  lie t o  t h e  r i g h t  of xn on Fig.  2.2-3. 

r e s u l t i n g  C ( s ) H  

The 

( 5 )  has n poles  and n zeroes .  
=I 

4 .  H ( s )  is no t  a function of K. 

The f u l l  s i g n i f i c a n c e  of these  s ta tements  is n o t  apparent  a t  t h i s  t i m e ,  

=q 

since we  have made no r e fe rence  t o  s t a b i l i t y ,  r e l a t i v e  s t a b i l i t v .  or sens i -  

t i v i t y .  The s ta tements  are s i m p l y  a consequence of t he  H ( s )  r e p r e s e n t a t i o n  

of a c o n t r o l  system using s t a t e  va r i ab le  feedback. The fol lowing s e c t i o n s  of 

t h i s  chap te r  develop a s y n t h e s i s  procedure t h a t  depends on the  t r u t h  of the  

above s t a t emen t s  wi th  r e s p e c t  t o  E ( s ) .  

eq 

eq 
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The design procedure advocated i n  t 5 i e  chapter  j q  b a s e d  uron t 5 e  

I r p e c i f i c a t i o n  of a d e s i r e d  systes  t r a n s f e r  func t ion ,  C ( s ) / R ( s > .  . o r t u -  

n a t e l y ,  t h i s  i s  not  a ncw i:dea, as this i s  a l so  t h e  h a s i s  i o r  the Cuillc.n:in- 

Truxal  method of system syn thes i s .  

an approach are well covered i n  Chapter 5 of Truxal ' s  book "Control S y s t e m  

Synthes is .  (Truxal, 1955). Here orill- a few salient y i n t s  a r e  cevered i n  

o r d e r  t o  r e l a t e  t h e  Guillemin-Truxal method t o  t h a t  of s t a t e  va r i ab le  f c  ed-  

back. 

T h e  m t i s a t i o n  and advantages of such 

I1  

The Cuillemin-Truxal method i s  Sased upon t n e  block diagraa  o f  "is. 2.3-1. 

Here again G (s) i s  t h e  f ixed  p l a n t ,  and C. (SI i s  t o  he d e t e m i n e d ,  according 

t o  t h e  fol lowing t h r e e  s t e p  procedure. 

? C 

1. A d e s i r e d  c losed  loop t r a n s f e r  func t ion ,  C ( s ) / R ( s ) ,  is e s t a b l i s h e d  

from t h e  system s p e c i f i c a t i o n s .  This i s  expressed a s  a r a t i o  of 

polynomials,  as 

(2 .3-1)  I 

2. The requi red  G ( s )  is determined by s o l v l n g  t h e  equat ion  
C 

for G c ( s ) .  

3. The r e q u i r e d  G ( s )  i s  synthes ized ,  usua l ly  through t h e  use of 
C 

p a s s i v e  elements,  as r e s i s t o r s  and condensers.  

(2.3-2) 

L e t  u s  comment briefly on each of t h e s e  t h r e e  s t e p s ,  and i l l u s t r a t e  t h e  

method by a simple example. The s e l e c t i o n  of  a d e s i r e d  C(s) /P , (s )  i s  eqiiiva- 

lent  t o  p ick ing  a s p e c i f i c  t i m e  response f o r  a given r ( t ) .  Al ternately,  i t  

i s  e q u i v a l e n t  t o  p ick ing  t h e  frequency response of t h e  closed l o o p  system. 
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7d , 

Fig. 2.3-1. The basic  system configuration assoc iated with the 
Cuillemin-Trwral method. 
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Pence, i t  is not i n p o r t a n t  whetlier s?-sten s p e c i f i c a t i c n s  a r e  given i n  t h e  

frequency o r  i n  the  t i m e  donain. E i t h e r  domain is a q u i t a b l e  basis  f o r  de- 

c i d i n g  upon a d e s i r a b l e  C ( s >  / R  ( s )  . 
Step  two requires only algebra.  %ct t h e  s y s t e m  t r a n s f e r  func t ion  i s  

s p e c i f i e d  as a r a t i o  of polynomials, C ( s )  is uniquely def ined .  If t h e  p l a n t  

is  given and u n a l t e r a b l e ,  then G (s) is determined from t h e  equat ion 
C 

The s y n t h e s i s  techniques necessary t o  r e a l i z e  a given G ( s )  i n  s t e p  t h r e e  

a r e  more network problems than c o n t r o l  cystern problems, and thes a r e  no t  con- 

s i d e r e d  he re .  The s u b j e c t  i s  also \:ell covered i n  Truxal.  

C 

A s  an i l l u s t r a t i o n  of t h e  Guillemin-Truxal method, cons ider  once again 

the c o n t r o l  of t h e  p l a n t  given i n  Fig.  2.2-Sa. Assume t h a t  t h e  des i red  

closed loop performance is given as  

( 2 . 3 - 4 )  

EquatFon 2.3-2 nay be solved for C l s ) ,  w i t h  t h e  r e s u l t  that “ ( s )  I s  

160 G ( s )  = ---- 
s(s2+24s+88) 

The r e s u l t i n g  G ( s )  from Eq. 2 .3 -3  is 
C 

( s+3) ( s+ lO)  ~ ( s+3) ( s + l O )  
G c ( d  = s2+24s+88 (s+4.6) (s+19.4) 

The f i n a l  closed loop conf igura t ion  i s  p i c t u r e d  i n  Fig. 2.3-2a. 

s t a n d i n g  f e a t u r e  of t he  f i n a l  r e s u l t  is  the c a n c e l l a t i o n  of the p o l e s  of 

G (s) by t h e  zeroes  of C, { s ) .  I n  t h e  ideal case t h i s  c a n c e l l a t i o n  wvuld b e  

p e r f e c t ,  and t h e  o r d e r  of t h e  closed loop system i s  t h e  same as t h e  o r d e r  

The out-  

P C 
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. I 

R ( F )  + 80/3 (s+3) ( s i - L O )  6 C Cs)  

(s+h.6) (s+19. r (> s (i;+3) (s+10) 

Fig. 2.3-2a. The Guillemin-Truxal realization of a specific C ( s ) / R ( s ) .  

. 11/80 
+ - A 

2 5 / 1 6 0 .  I + L 

Fig. 2.3-2b. A state variable feedSack realization that v i e l d s  t h e  same 
C ( s ) / R ( s )  as i n  ' i g .  2 . 3 - 2 a .  

2 
Fig. 2 . 3 - 2 .  Alternate methods of realizing C ( s ) / R ( s )  - 1 6 0 k 3  +24s +88s+160, 

given the fixed p l a n t  of Fig. 2.2-5a. 
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of t h e  p l a n t  being c o n t r o l l e d .  In t h i s  sense ,  the  Guillemin-Truxal approach 

is much l i k e  t h a t  of op t imal  con t ro l  theory ,  and d i f f e r e n t  from those  series 

compensation methods t h a t  do n o t  r e l y  on pole-zero cance l l a t ion .  It w i l l  be 

shown l a t e r  t h a t  i n  sume cases  i t  is highly  d e s i r a b l e  to  inc rease  the  o rde r  

of t h e  system over  t h a t  of t he  una l t e rab le  p l a n t .  

Fig.  2.3-2b is t h e  r e a l i z a t i o n  of t he  same t r a n s f e r  func t ion  of Eq. 2.3-4 

rhrc?uo,h the m e  of ststo  ...aritible feedback. n.2 use Gf s t a t e  t.ariab,le fsed- 

back a l ters  po le  l o c a t i o n s  through t h e  use of feedback, r a t h e r  than cance l l i ng  

them wi th  zeroes .  Because the  mechanism by which new po le  l o c a t i o n s  are 

r e a l i z e d  is  b a s i c a l l y  d i f f e r e n t ,  one might suspec t  t h a t  the s ta te  v a r i a b l e  

feedback design procedure would not s u f f e r  from t h e  l i m i t a t i o n s  t h a t  a r e  i m -  

posed upon the  Guillernin-Truxal method. This i s  indeed the  case.  

One obvious r e s t r i c t i o n  of  the Suillemin-Truxal method is a l i m i t a t i o n  

t o  s t a b l e  G (5). I f  G (5) has poles  i n  t h e  r i g h t  h a l f  s p lane ,  t hese  cannot! 

be cance l l ed  wi th  zeroes .  Because s ta te  v a r i a b l e  feedback simply a l t e r s  
P P 

p o l e  l o c a t i o n s  r a t h e r  than cance l l i ng  them, G (s)  i s  no t  r e s t r i c t e d  t o  being 

s t a b l e  when s ta te  v a r i a b l e  feedback is  used. 

P 

The Guillemin-Truxal method r equ i r e s  t h a t  C ( s ) / R ( s )  be chosen not  only 

to  meet des i r ed  system s p e c i f i c a t i o n s ,  bu t  a l s o  t o  i n s u r e  t h a t  a l l  of t he  

po le s  of t h e  open loop t r a n s f e r  funct ion G(s) l i e  on t h e  nega t ive  real  ax i s .  

The fol lowing is  a quote  from Truxal ,  page 297. 

, 
I 
I 

1 
The impos i t ion  of t h e  a d d i t i o n a l  c o n s t r a i n t  t h a t  a l l  po le s  of t h e  open 
loop t r a n s f e r  func t ion  l ie  on the  nega t ive  real axis is not  only neces- 
sary i f  t he  s y n t h e s i s  (of G c ( s ) )  is t o  be s imple,  bu t  a l s o  f r equen t ly  
d e s i r a b l e  t o  ensure  t h a t  the  t r a n s f e r  func t ions  of t he  compensation I 

networks be r e a l i z a b l e  by RC networks. 

Thus i t  is  seen  t h a t  the  d i f f i c u l t y  i n  the  Guillemin-Truxal method stems 

This  prac- 

I 

l a r g e l y  from t h e  n e c e s s i t y  t o  r e a l i z e  a r a t h e r  complicated G ( s ) .  

t i ca l  d i f f i c u l t y  does n o t  arise in  the  use  of s ta te  v a r i a b l e  feedback. I n  

C 
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Fig. 2.3-2b, f o r  i n s t a n c e ,  no C ( s )  a t  a l l  w a s  needed t o  r e a l i z e  the des i red  

system response. Even i n  c a s e s  where series compensation needs t o  be added, 

C 

t h e  b a s i c  b u i l d i n g  block has  t h e  t r a n s f e r  func t ion  

where T i  is e i t h e r  1 or  0. This  is the f a m i l i a r  l ead  or l a g  c i r c u i t ,  b u t  i t  

i s  always used wi th  feedback. As many of t hese  b a s i c  elements as a r e  needed 

may be  used, a l though seldom a r e  more than two requi red .  

The b a s i c  t h e o r e t i c a l  l imqta t ion  of t h e  s t a t e  v a r i a b l e  feedback method 

i s  t h e  same as t h a t  of t h e  Cuillemin-Truxal Method. The c losed  loo? t r a n s f e r  

f u n c t i o n  C ( s ) / R ( s )  cannot have a smaller  pole-zero excess  than  t h a t  t h a t  

o r i g i n a l l y  e x i s t e d  i n  G (s) .  
P 
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2.4 The Heq Method -- The Sinplest Case 

I n  a previous s e c t i o n  two methods of system r e p r e s e n t a t i o n  w e r e  o u t l i n e d  

which might serve as t h e  b a s i s  f o r  a design procedure. The G ( s )  represen- 

t a t i o n  i n d i c a t e d  how t h e  use  of s t a t e  v a r i a b l e  feedback might 5e constdered 

as a l t e r i n g  t h e  p o l e  l o c a t i o n s  of t h e  open loop t r a n s f e r  func t ion .  The 

H ( 5 )  r e p r e s e n t a t i o n  suppl ied  an alternate i n t e r p r e t a t i o n  of the e f f e c t s  of 

qts t tp  varinhle feedback. Tt w a s  show- t h a t  stn_tc vsriahte f e e d b x k  rcight be 

considered a5 in t roducing  (n - 1) zeroes  i n  t h e  feedback pa th ,  whi le  C ( s >  is  

l e f t  una l te red .  

t h e  r e s u l t i n g  C(s ) !R(s )  is  the  S a m ,  and t h e  p o l e s  of t h i s  s y s t e m  t r a n s f e r  

func t ion  may be l o c a t e d  a s  desired.  

ecl 

eq 

Regardless of which method of system r e p r e s e n t a t f o n  is used, 

In  the remainder o f  t h i s  chapter  we s h a l l  use t h e  H (s) r e p r e s e n t a t i o n  
eq 

e x c l u s i v e l y .  The reason is n o t  t h a t  it provides  an  easier means of system 

s y n t h e s i s ,  b u t  r a t h e r  the H 

c r i t i c a l l y  e v a l u a t i n g  the r e s u l t s  of s ta te  v a r i a b l e  feedback. The G ( s )  

formula t ion  does not prove s u i t a b l e  f o r  e v a l u a t i o n  purposes on t h e  r o o t  locus  

diagram simply because t h e  p o l e  l o c a t i o n s  of G (s) are func t ions  of t he  

a m p l i f i e r  ga in ,  K. I n  t h e  d iscuss ion  of t h e  H ( s )  r e p r e s e n t a t i o n ,  i t  was 

s p e c i f i c a l l y  noted t h a t  H (9) i s  n o t  a func t ion  of K ,  and hence root locus  

methods might be e f f e c t i v e l y  used. The preference  f o r  r o o t  l ocus  methods is 

a p e r s o n a l  preference  of t h e  au tho r s .  

( 8 )  formulat ion provides  a convenient method of 
eq 

eq 

ecl 

eq 

eq 

The design procedures out l ined  i n  t h i s  s e c t i o n  apply only t o  t h e  s i m p l e s t  

case when no series compensatfon need b e  added b e f o r e  t h e  des ign  procedure is 

s t a r t e d .  Such a s i t u a t i o n  arises 

when 

I n  t h i s  C a s e  G c ( s )  is 1, and G(s) = G p ( s ) .  

1. G (s) has t h e  c o r r e c t  n m b e r  of poles requi red  i n  C ( s ) / R ( s ) .  

2. The zeroes  of G ( s ) ,  if any, are the d e s i r e d  zeroes of  C(s)/X(s>. 
P s 

P 
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It i s  p o s s i b l e  t o  con ju re  up o t h e r  s i t u a t i o n s  i n  which no series compen- 

s a t i o n  i s  needed, as when only some of  t h e  zeroes  are i n  t h e  des i r ed  l o c a t i o n s ,  

and C ( s ) / R ( s )  is  t o  have less poles than exist originally i n  G (SI. Cases 

l i k e  t h i s  are cons idered  a s  pa thologica l  cases. Only cases  for  which eondf t ions  

P 

1 and 2 are s a t i s f i e d  are d iscussed  he re .  The p a t h o l o g i c a l  cases p r e s e n t  no 

t h e o r e t i c a l  problems, b u t  they  do complicate t h e  p re sen ta t ion .  

The H methad nf  cystem syn+hesis fe r  the s i q l e s t  case e~nsists of t h e  
eq 

f ive following s t e p s .  

1. Assume a l l  s t a t e  v a r i a b l e s  a r e  a v a i l a b l e ,  and r ep resen t  t h e  f i n a l  

c losed  loop s y s t e m  as  i n  Fig. 2 . 2 - 3 .  

2.  Choose t h e  d e s i r e d  closed loop response,  C ( s ) / R ( s ) .  

3. From t h e  block diagram of 1, f i n d  C(s) /R(s )  i n  terns of t h e  ki's, 

pre fe rab ly  by the use of t h e  H 

Equate the answers from 2 and 3,  and s o l v e  for the k i ' s  by equat ing  

(5) block diagram reduct ion .  
eq 

4. 

c o e f f i c i e n t s  of l i k e  powers of  s .  

5 .  I f  a l l  of t h e  s ta te  v a r i a b l e s  are n o t  a v a i l a b l e ,  use t h e  known 

values of t h e  k 's t o  drtermfne s u i t a b l e  series or minor loop i 

compensation. 

I n  cases where the p l a n t  conta ins  an i n t e g r a t i o n ,  i t  i s  u s u a l l y  assumed 

a t  t h e  o u t s e t  t h a t  kl = 1, and the above procedure is  c a r r i e d  o u t  i n  terms of 

t h e  ki, i =  2, 3, ... n,  and K. 

s t a t e  p o s i t i o n  e r r o r  for s t e p  inpu t s .  

By s e t t i n g  k = 1, t h i s  i n s u r e s  ze ro  s t eady  1 

As an  i l l u s t r a t i o n  of t h e  above des ign  procedure,  cons ide r  t h e  system of 

Fig.  2.2-5. This  f i g u r e  is already drawn i n  the  form r equ i r ed  by Step 1. 

In l i n e  wi th  Step 2 ,  l e t  us assuIT,e t h a t  t h e  d e s i r e d  c losed  loop response i s  

given by 



160 C ( s ) / R ( s )  = ---- 
I(S+2l2 + 221 (s+20) 

- -. _ _ _ ~  160 - 
3 

s3 + 24s' + 88s + 160 

2 7  

This is a closed loop response with zero steady stztc errcr  f o r  ate:, izputs, 

as C ( O ) / R ( O )  = 1. The response is dominated by a set of complex conjugate 

poles at s = -2 2 32. 

inspection as 

H (s) for this system may be written down by 
ecl 

( 2 . 4 - 2 )  

Here k has been assumed to be 1 to insure the zero steadv state error. 

The transfer function in the forward loop of the H 

just G ( s ) ,  here equal to G ( s ) ,  since no series compensation is added in the 

simplest case. Thus C ( s ) / R ( s )  may be written in terms of k 

1 

(5) representation is 
eq 

P 
k 3 ,  and K as 2' 

- ( 2 . 4 - 3 )  6 K  

s3 -t (13+3Kk3) s + [30+3K (3k3+2k2)] s + 6 K  
=----------- 2 

This completes step 3. 

Step 4 is accomplished by equating coefficients of like powers of s in 

the denominators of Equation 2 . 4 - 1  and 2.4-3. The followtng 3 algebraic 

equations result. 

6K = 160 

13 + 3Kk3 = 24 

30 + 3K (3k3+2k2) = 88 

T 
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m--- 
Lltt=se algebraic equat ions  are e a s i l v  so lved  to g ive  

K = 8 0 / 3  

k j  = 11/80 (2.4-4) 

The f i n a l  system is p ic tu red  back in Fig. 2.3-2b, where  i t  i s  compared 

with the Guillemin Pruxal r e a l i z a t i o n  of Fig. 2.3-2a. Before going t o  s t e p  

5, l e t  us  cont inue  wi th  t h e  comparison by examining both systems on t h e  r o o t  

* 

l ocus  diagram. A sys t ema t i c  method of eva lua t ion  of t h e  s ta te  v a r i a b l e  

feedback s y s t e m  involves  t h e  following s t e p s .  

a. 

b. 

C. 

d. 

I U s e  t h e  va lues  of t he  ki's t o  f i n d  H 

Determine t h e  zeroes of H (s ) .  

Locate t h e  poles and zeroes of G ( s )  H (9) on t h e  s plane. Also 

l o c a t e  on t h e  s plane  the  c losed  loop po les  of C ( s ) / R ( s ) ,  ad an 

aid in drawing the root locus .  

Sketch the r o o t  locus t o  i n s u r e  t h a t  t h e  d e s i r e d  s t a b i l i t y  and 

s e n s i t i v i t y  b e n e f i t s  t h a t  can be achieved through s ta te  v a r i a b l e  

feedback a c t u a l l y  have been r e a l i z e d .  

(s).  
ecl 

eq 

eq I 

I I 

I 

1 

I 

For t h e  problen: under d i scuss ion ,  H (s)  is  found by s u b s t i t u t i n g  t h e  
eq I 

now known va lues  of k and k i n t o  Eq. 2.4-2. The r e s u l t  is 

2 

2 3 
I 
I Heq(s) = 11LE+5.285+14*2 160 = 11/160 [ (s+2.64+j2.75>(~+2.64-j2.75): I 

S teps  c and d are i n d i c a t e d  on Fig. 2.4-1, wi th  t h e  c losed  loop p o l e s  enclosed 

i n  square  boxes. 

r e a l i z a t t o n  i s  g iven  i n  Fig. 2.4-2.  

gain ,  t h e  two systems are i d e n t i c a l  from an input-output p o i n t  of view. 

viewed from t h e  p o i n t  of view o f  varying ga in ,  t he  s t a t e  v a r i a b l e  feedback 

The r o o t  l ocus  for t h e  corresponding Guillemin-Truxal 

It  should be  s t r e s s e d  t h a t  a t  t h e  d e s i r e d  

If 
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s p t e m  has  obvious advantages.  

t he  dominant po le s  of t h e  s ta te  va r i ab le  feedback s y s t e m  change-very l i t t l e ,  

and t h e  damping r a t i o  stays almost cons tan t .  

ga in  chscges as far as response or s t a b i l i t y  is concerned. 

t h e  case for t h e  ceatparison system us ing  series compensation- 

As t he  ga in  is va r i ed  from 160 t o  i n f i n i t y ,  

The s y s t e m  i s  i n s e n s i t i v e  t o  

Such is  no t  

The method of 8yStem eva lua t ion  t h a t  was used above is based upon t h e  

use of H 

The des ign  procedure w a s  complete once t h e  va lues  of k2, k3, and K were speci-  

f i e d  i n  Eq. 2.4-4. However, t h e  a n a l y s i s  of t h e  f i n a l  design is  considered 

so important ,  t h a t  he re  the  two a re  t r e a t e d  almost as  one under the t i t l e  

of t h e  H (9) method. 

(SI, and s t r i c t l y  speaking, t h i s  i s  not  p a r t  of t h e  design procedure. 
eq 

eq 
In o r d e r  to demonstrate f u r t h e r  t h e  s u p e r i o r i t y  of t h e  s ta te  v a r i a b l e  

feedback method over t h e  series compensation method, l e t  us pursue t h e  a n a l y s i s  

of t h i s  example B b i t  f u r t h e r .  While t h e  r o o t  locus  of Fig. 2.4-1 i n d i c a t e s  

t h e  extreme i n s e n s i t i v i t y  t o  ga in  changes t h a t  has  been r e a l i z e d  through s ta te  

v a r i a b l e  feedback, no i n d i c a t i o n  is given as to  t h e  r e s u l t i n g  i n s e n s i t i v i t y  

for changes i n  pole l oca t ions .  I n s e n s i t i v i t y  t o  po le  l o c a t i o n  is q u i t e  

important ,  e i t h e r  because t h e  i n i t i a l  po le  l o c a t i o n  is no t  known e x a c t l y ,  or 

because t h e  p o l e  l o c a t i o n s  may a c t u a l l y  change dur ing  t h e  ope ra t ing  l i f e  

of t h e  system. This happens i n  a i r c r a f t  c o n t r o l  systems, f o r  i n s t a n c e ,  where 

t h e  damping due t o  t h e  atmosphere changes r a d i c a l l y  as t h e  p l ane  f l y s  from 

sea level t o  30,000. The change I s  slow enough so t h a t  t h e  system need 

not  be considered as time vary ing ,  bu t  t h e  change i n  po le  l o c a t j o n  can be 

c r i t i ca l .  

, A s s u m e  t h a t  i n  t h e  example being considered t h a t  t h e  design is  complete, 

and t h a t  k2, kg, and R are as s p e c i f i e d  i n  Eq. 2.4-4. A s s u m e  f u r t h e r  t h a t  
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-3  is allowed t o  take on d i f f e r e n t  va lues .  L I l C  psle at s = 

g e n e r a l i t y ,  t h i s  p o l e  l o c a t i o n  may be des igna ted  as being a t  a, r a t h e r  than 

a t  -3.  This case  is p ic tu red  i n  “ i g .  2.4-3a. A v a r i e t y  of ques t ions  may be 

asked now, depending upon t h e  amount o f  d e t a i l  des i r ed  i n  the answer. One 

n i g h t  ask is t h e  sys t em s tab le  i o r  aii a, o r  g iven  a Fixed new pole position 

at a = a is the system s t i l l  r e l a t i v e l y  i n s e n s i t i v e  t o  ga in  changes, as 

prev ious ly ,  o r  if both a and K a r e  allowed t o  vary, is s t a b i l i t y  s t i l l  main- 

t a i n e d .  We will answer a l l  of these ques t ions  f o r  t h e  s y s t e m  of Fig. 2 .4 -3a ,  

n o t  because t h e s e  are ques t ions  t h a t  need t o  be answered i n  every problem, 

bu t  because the  answers t o  these  ques t ions  demonstrate t he  d e s i r a b l e  q u a l i t i e s  

t h a t  have been r e a l i z e d  through t h e  use of s t a t e  v a r i a b l e  feedback. 

For sake of 4.L - 

1’ 

F i r s t  cons ider  t h e  case where R i s  f ixed  and a is allowed t o  vary  from 

0 t o  i n f i n i t y .  

poles for any s p e c i f i c  va lue  of o may be answered by p l o t t i n g  a roo t  l ocus  

diagram vs. a r a t h e r  t h a n  K. This is  a s tandard  procedure, d i scussed  by 

Ruo, (Kuo, 1962) f o r  example, under the  heading of “Root Locus P l o t s  wi th  

Var i ab le  Other than Gain”, 

The ques t ion  of s t a b i l i t y  o r  l o c a t i o n  of t h e  c losed  loop 

I f  the c h a r a c t e r i s t i c  equat ion  

1 + G(s)  Heq(s) = c) 

is expressed with a w r i t t e n  as a g a i n  term, t h e  r e s u l t  i s  t h a t  

-1 = 1/180° a(s) (s+21) 
s 3 + 21 s2 + 25s + 160 (2 .4-5)  

The poles of Eq. 2.4-5 are l oca t ed  a t  s -20.1 and s = - . 4 5 * j 2 . 6 .  The 

root locus  vs. u is p l o t t e d  i n  Fig. 2.4-4,  and, of course, f o r  a = 3, t h i s  

l ocus  goes through t h e  d e s i r e d  pole l o c a t i o n s  of C ( s ) / R ( s ) ,  as r equ i r ed  i n  

Eq. 2.4-1. The c losed  loop sys tem i s  s t a b l e  for all 0 5 a < *. 
A s  a f u r t h e r  b i t  of a n a l y s i s  concerened with t h i s  s m e  problen, assum 

t h a t  t h e  pole a t  a is  a c t u a l l y  loca ted  a t  t h e  o r i g i n ,  r a t h e r  than a t  the  



Fig .  2.4-3a. The example of F ig .  2 . 2 - 5  and F i g .  2.3-2b redrawn w i t h  
the pole a t  s=-3 r e l o c a t e d  a t  s=-a. 

F i g .  2.4-3b. The system of ? i g .  2.4-3a redrawn t o  leave the pole a t  a. 

F i g .  2.4-3. Example system i n  which t h e  p o l e  a t  s=-3 i s  assumed t o  l i e  at 
an a r b i t r a r y  point a .  
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des ign  p o i n t  of s = - 3 .  T h i s  case  i s  easv t o  cons ider ,  s i n c e  w e  a i readv  

know t h e  c losed  l o o p  p o l e  l o c a t i o n s  when K is 8013 from F i g .  2.4-4 .  L e t  

tis examine a normal root  locus dingran and see once aga in  how t h e  damp.ing 

r a t i o  varies when K varies. When 1 = 0 ,  C ( s )  is  

160 
G ( s )  = ---- 

s 2  (s+10) 

and Heq(s) is 

11s2 + 255 + 160 Heq(s) = - 

I 

35 

160 

= 11/160 (s+1.13+j2.87) (s+1.13-j2.87) 11/160 [ (~+1.13)~+2,87 2 1 

The r o o t  l ocus  diagram f o r  t h i s  s y s t e m  is given i n  Fig. 2.4-5.  Note that 

al though t h e  damping r a t i o  i s  decreased by a s i g n i f i c a n t  amount, i t  remains 

r e l a t i v e l y  c o n s t a n t  f o r  a w i d e  range of K. And t h i s  is d e s p i t e  t h e  f a c t  t h a t  

k2, k 3 ,  and K were chosen f o r  a pole l o c a t i o n  of s = -3 r a t h e r  than zero. 

F i n a l l y ,  i t  is p o s s i b l e  t o  show t h a t  t h i s  system I s  s t a b l e  f o r  any a 

and any K. This is e a s i l y  done by redrawing t h e  f i n a l  system s o  t h a t  t h e  

p o l e  a t  Q is not moved, and so t h a t  a does n o t  appear any where e l s e  i n  t h e  

open loop t r a n s f e r  func t ion .  T h i s  nay be done i n  terms of a pseudo G 

and a pseudo H ( s ) ,  as  i n  Fig. 2 . 4 - 3 b .  The open loop t r a n s f e r  func t ion  is now 

( s )  
eq 

eq 

K (s+6.4) 
s (s-t-21) (s+a) 
_e_- - 

Here K is l e f t  arbitrary, s i n c e  w e  wish to i n d i c a t e  s t a b i l i t y  f o r  any K. 

If an asymptot ic  Bode diagram is now drawn for t h e  a m p l i t u d e  of  t h e  open 

loop t r a n s f e r  func t ion ,  i t  is noted t h a t  no va lue  of a can be chosen such 

t h a t  t h e  slope on t h e  Bode diagram is never  g r e a t e r  than  -2 ,  o r  40 db. 

This  is  s u f f i c i e n t ,  though n o t  necessary,  t o  i n d i c a t e  that t h e  p h a s e  s h i f t  

never exceeds 180 degrees ,  and hence the s y s t e m  is s t a b l e  f o r  any gain and 
_- 

any u.  The comparison system using t h e  ser ies  e q u a l i z e r  is n o t s t a b l e  .. for  
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any K even if  tne poie at 3 i s  located a t  t h e  des ign  va lue ,  s = -3. 

So much for  t h i s  example, which is meant t o  show t h a t  even i n  the  s i n p -  

l es t  case s u r p r i s i n g  b e n e f i t s  may be  r e a l i z e d  by using s t a t e  v a r i a b l e  feed- 

back. A s  y e t  w e  have s t i l l  assumed t h a t  a l l  o f  the  state v a r i a b l e s  are auail-  

able, so t h a c  we 'nave not had t o  u s e  s t e p  5 of t h e  design procedure.  T h i s  

is the s u b j e c t  of t h e  next  section,what t o  do when a l l  of t h e  s ta te  v a r i a b l e s  

are n o t  a v a i l a b l e .  Before proceeding t o  t h a t  s e c t i o n  -however,  it i s  important 

t o  i n d i c a t e  that t h e  h ighly  des i r ab le  s t a b i l i t y  and s e n s i t i v i t y  p r o p e r t i e s  

e x h i b i t e d  by t h e  prev ious  example a r e  not  necessarily i nhe ren t  i n  t h e  s t a t e  

v a r i a b l e  feedback ap2roach. .4 s i m p l e  example se rves  t o  i l l u s t r a t e  t h e  p o i n t .  

The p l a n t  is given i n  Fig. 2.4-6 as 

and the des ired c losed  loop response i s  assumed t o  be 

Only one feedback c o e f f i c i e n t  I s  present ,  and H (s )  is 
eq 

H ( s )  = k2 s + 1 
eq 

C ( s ) / R ( s )  i n  tenns of k2 and K 

and the resulting values of K and k2 are 

K 5 2  

Heq ( 5 )  - (s-1) 

and G(s) Heq(s)  I s  

( 2 . 4 - 6 )  
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x p  = C(s)  
x2 i 

S 

Fig. 2.4-6b. The s t a t e  variable feedback Configuration used to control the 
p l a n t  of F i g .  2 . 4 - 6 a .  

P i g .  2.4-6. A system in which s t n b i l i t v  i s  not realized f o r  a l l  gain. 
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The r o o t  locus  f o r  Eq. 2 . 4 - 6  1s p l o t t e d  i n  Fig. 2.4-7.  For high ga in  t h e  

system is uns tab le .  

The reason  f o r  t h i s  undes i rab le  r e s u l t  i s  t h a t  t h e  system i s  b e i n g  askcd  

t o  respond with a t i m e  cons tan t  much longer  than the  inherent  t i m e  cons t an t  

of the system. W e  return t o  this example later a f t e r  t h e  gene ra l  design pro- 

cedure has been given and show there t h a t  i t  is nut only possible to real ize  

t h e  d e s i r e d  closed loop poles at s = -1 * j l ,  and a t  t h e  same t i m e  keep t h e  

system s t a b l e  €or a l l  K, bu t  the c losed  loop po le s  at s = -1 jl remain a t  

~ e x a c u  t h a t  p o i n t  €or  a l l  IC. 

t 
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2.9 ~11. S t a t e  Var iab les  Not- Available-TheSimpiest  Case. 

The previous  s e c t i o n  ou t l ined  a design procedure t h a t  was c a l l e d  the  

H Cs) method. This procedure cons is ted  of f ive  s t e p s ,  and appl ied  onlv t o  

t h e  s i m p l e s t  case. The s imples t  case uas defined as  t h a t  r e s t r i c t e d  class 

or' probiems i n  which no series compensation need be added i n  o rde r  t o  realize 

t h e  d e s i r e d  C ( s ) / R ( s ) .  I n  such ins tances  t h e  form of the  u n a l t e r a b l e  p l a n t ,  

C _ ( s ) ,  is  compatable with t h e  form of the  des i r ed  c losed  loop responae. 

eq 

v 

Kot only  w a s  the previous sec t ion  l i m i t e d  t o  t h e  s imples t  case ,  it was 

a l s o  assumed t h a t  a l l  of t h e  s t a t e  v a r i a b l e s  were a v a i l a b l e  f o r  measurement 

and c o n t r o l .  In t h i s  s e c t i o n  we cont inue t o  t r e a t  the  s i m p l e s t  case, b u t  

now assme t h a t  a l l  of t he  s t a t e  v a r i a b l e s  a r e  n o t  a v a i l a b l e .  'Iwo general  

methods are a v a i l a b l e  to  deaf with t h i s  problem. The f € r s t  method u t i l i z e s  

minor loop equa l i za t ion ,  and t h e  second uses series compensation. It may 

seem a c o n t r a d i c t i o n  t o  say t h a t  series compensation can be used i n  the  s imples t  

case, when w e  i n i t i a l l y  assumed t h a t  the s imples t  case requi red  no series con- 

pensa t ion .  i t  is t r u e  t h a t  t h e  s imqlest  case  needs no series compensation i n  

o r d e r  t o  make t h e  given p l a n t  compatible with t h e  requi red  C ( s ) ! a ( s ) ,  and thus  

no series compensation need be added p r i o r  t o  the  c a l c u l a t i o n  of t h e  k ' s .  

However, once t h e  k ' s  have been ca l cu la t ed  under t h e  assumption t h a t  a l i  of 

t h e  s ta te  v a r i a b l e s  are available, series cornpensation may need t o  be added 

if t h i s  assumption is t o  be v io la ted .  

i 

i 

The s i m p l e s t  method is t h e  use of minor loop compensation. Ins tead  

of feeding  back the  s t a t e  va r i ab le s  through cons tan t  elements, t he  k i ' s ,  

minor loop Compensation makes use of dynamic elements i n  the  feedback pa ths .  

Consider the  case  when the  i t h  s t a t e  v a r i a b l e  is not  a v a i l a b l e ,  as ir, F i g .  

2.5-la. The direct approach is t o  genera te  t h e  unknown s t a t e  v a r i a b l e  f r o n  

t h e  prev ious  one, as ind ica t ed  i n  Fig.  2.5-lb. This  generated s t a t e  v a r i a b l e  

must: s t i l l  be  fed back through the same cons tan t  element, ki. But now t h e r e  
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Fig. 2.5- lc .  A b l o c k  d iagra i  equ iva len t  to Fig .  2.5-lb. 
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Fig. 2 .5 .  Procedure used to desisn t h e  minor loop colcpensator shen a 
state variable at xi 4s not  available. 
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are two feedback p a t h s  i n  p a r a l l e l  t h a t  s t a r t  a t  the same state v a r i a b i e  and 

end a t  t h e  s m e r .  These m a v  b e  added,  with the  r e s u l t  as i n d i c a t e d  i n  

P i g .  2.5-lc. Sotc  t h a t  the  r e s u l t i n g  covpensation is j u s t  a simple po le ,  

zero  p a i r ,  as a t y p i c a l  lead  o r  lag netl.:ork. 

The use of minor l o o p  compensation is i l l u s t r a t e d  wi th  the same exantpie 

t h a t  h a s  been used i n  t h e  p a s t .  The p l a n t  t o  be  c o n t r o l l e d  is  p i c t u r e d  i n  

Fig.  2.2-5a, and t h e  des i r ed  closed loop t r a n s f e r  func t ion  is given i n  

E q .  2.2-4. The f i n a l  des ign ,  assuming t h a t  a l l  s ta te  v a r i a b l e s  are a v a i l a b l e  

is g iven  i n  Fig. 2.2-2b. S tep  f i v e  of t h e  des ign  procedure states “ I f  a l l  

of  t h e  s ta te  v a r i a b l e s  a r e  no t  a v a i l a b l e .  u s e  t h e  known va lues  o f  t h e  k ‘ s  

t o  determine s u i t a b l e  series o r  r i n o r  loop compensation.’’ Here w e  are i n t e r -  

i 

e s t e d  s p e c i f i c a l l y  i n  minor loop conpensatjon, and t h e  s t a r t i n g  p o i n t  of our  

d e s i g n  is F ig .  2.3-2b, which is  repea ted  he re  fo r  convenience a s  F ig .  2.5-2a. 

Assume i n i t i a l l y  t h a t  t h e  s ta te .  v a r i a b l e  x is n o t  a v a i l a b l e .  Using 2 

t h e  procedure i l l u s t r a t e d  i n  F ig .  2 .5-1,  Fig. 2.5-2a i s  redrawn t o  i n d i c a t e  

t h e  r equ i r ed  minor loop compensator. This i s  almost a t r i v i a l  s t e p ,  and t h e  

d e s i r e d  c losed  loop poles  a r e  r e a l i z e d  a s  be fo re .  

?I ( s )  is s t i l l  
eq 

2 11 (s +5.285+14.5) 
160 H e q f s )  = ~ 

(2.5-1) 

and the root locus  of Fig. 2.4-7 s t i l l  a p p l i e s .  

Once again le t  us emphasize t h a t  the r e s u l t s  of any procedure t h a t  is  

used t o  r e a l i z e  C ( s ) / R ( e )  are i d e n t i c a l ,  as long as a l l  parameters are those  

assumed a t  t h e  o u t s e t  of t h e  problem. Here i f  t h e  po le  a t  s = -3 is a t  t h i s  

assumed l o c a t i o n ,  t h e n  H (s) is  as befo re  when a l l  s t a t e  v a r i a b l e s  were 

a v a i l a b l e .  
=q 

If t h e  po le  a t  s -- -3 is a c t u a l l y  at  some o t h e r  p o i n t ,  then  t h e  

state variable x is only approximately genera ted ,  and t h e  r e s u l t  is n o t  t h e  

same. 

2 
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Fig. 2.5-2a. The final desicn, a..;suning all state var i ab le s  avai lable .  
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F i g .  2.5-2b. The f i n a l  d e s i g n ,  assuming x is not available. 2 
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F i g .  2.5-2. An example illustrating a minor loop compensator when the 
s t a t e  variable a t  x2 is  not available. 

. L * 

11(s+5,27) 
A 



I 
I 
I 
I 

45 

I f  t h e  s t a t e  v a r i a b l e  x i s  not a v a i l a b l e ,  i t  may be generated hy  

feedback around t h e  e x t e r n a l  ga in  element,  K.  I t  is  f o r  t h i s  reason t h a t  w e  

have c o n s i s t e n t l v  separa ted  the e x t e r n a l  g a i n  from t h a t  which is i n h e r e n t  

i n  t h e  p l a n t  t h a t  is  being c o n t r o l l e d .  The r e s u l t i n g  minor loop cnmpensated 

system is i l l u s t r a t e d  i n  Fig. 2.5-3a. Here t h e  feedback element around K 

may be combined w i t h  R t o  determine an equiva len t  series e q u a l i z e r .  This 

3 

is done i n  F ig .  2.5-3b. The H ( s )  a s s o c i a t e d  w i t h  Fig. 2.5-3b h a s  only  one 

ze ro ,  whi le  t h a t  a s s o c i a t e d  with Fig.  2.5-3b h a s  two zeroes ,  and i s ,  i n  f a c t ,  

given b y  Eq. 2.5-1. The author’s  preference  is c l e a r l y  t h e  feedback case 

of T i g .  2.5-3n, and hopefu l ly  t h e  reader  concurrs .  However, t h e  ser ies  

compensation of Fig. 2.5-3b does se rve  t o  in t roduce  t h e  i d e a  of series com- 

pensa t ion .  It i s  p o s s i b l e  t o  r e a l i z e  t h e  series compensator o f  Fig.  2-5-38 

as i n  Fig. 2.5-3c, where once again feedback is employed. Here, however, 

eq 

no dynamic elements are included i n  t h e  feedback path.  

Before cons ider ing  t h e  use  of series compensation, l e t  us conclude t h e  

d i s c u s s i o n  of minor loop compensation by cons ider ing  t h e  case when both 

x2 and x are n o t  a v a i l a b l e .  Again t5e procedure is  very simple. The f i r s t  

s t e p  is  accomplished i n  F i g .  2.5-2b, and a l l  t h a t  remafns t o  be done is  t o  

s h i f t  t h i s  compensator t o  t h e  l e f t  b y  one block.  This  is done i n  Fig. 2.5-4.  

Once a g a i n  H ( s )  is s t i l l  s p e c i f i e d  by  Eq. 2.5-1, and t h e  r o o t  locus  of 

Fig.  2.4-1 i s  s t i l l  appl icable .  This  time t h e  compensator i n  t h e  feedback 

p a t h  i n  Fig. 2.5-4 has  a second order  denominator, b u t  t h i s  is n o t  d i f f i c u l t  

t o  r e a l i z e .  Had t h e  system been n t h  o r d e r ,  and had only  t h e  output  v a r i a b l e  

been a v a i l a b l e ,  then t h e  denominator of t h e  feedback compensator t r a n s f e r  

func t ion  would have been n t h  order .  This  might be  q u i t e  d i f f i c u l t  t o  r e a l i z e ,  

b u t  no more so than t h e  i n s e r t i o n  of t h e  ser ies  compensator t h a t  would be 

3 

eq 
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Fig. 2.5-3a. A mi& loop design when x is not a v a i l a b l e .  3 

+ 

251160 
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Fig. 2.5-3b. A series equalizer design,  determined from ?ig. 2.5-3a. 

k4 1 
A 

‘25/160 J . A 

Fig.  2.5-3c. 

Fig. 2.5. Compensation methods when x is not available. 

A method equivalent  t o  a)  and b )  above, using a n  augmented 
state var i ab le ,  xh. 

3 
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33 &-5.27; - + 80(s+3) ( s + l O )  

Fig. 2.5-4.  The minor loop equalization when both x2 and x3 are 
not available. 
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r equ i r ed  by the  use of  t he  Guillernin-Truxai technique. 

This example po in t s  out  an important f e a t u r e  o f  feedback compensation. 

Here feedback is around t h e  ga in  element, and s i n c e  I! (s )  is  s t i l l  s ? e c i f i e d  

by Eq. 2.5-1, and s i n c e  the r o o t  locus o f  ? ic .  2.4-1 s t i l l  a p p l i e s ,  i t  is  

e9 

clear t h a t  t h i s  s y s t e m  is s t i l l  r e l a t t v e l y  i n s e n s i t i v e  tii gaiii. I’ecdbzck 

a l w a y s  decreases  the  s e n s i t i v i t y  of t he  output  t o  v a r i a t i o n s  i n  those elements 

t h i t  h a w  feedback around them. T h i s  is the  fundamental reason for t he  use 

of feedback. 

This  l a s t  example serves as another  i n t roduc t ion  t o  s e r i e s  com7ensation. 

I f  t he  feedback compensator is lumped i n  w i t h  the ga in  element,  t h e  Gui l len in-  

Truxal r e a l i z a t i o n  of  Tig. 2.3-2a r e s u l t s .  The a i m  of  t h e  remainder of t h i s  

s e c t i o n  i s  t o  d i scuss  means by which such series coupensation can be r e a l i z e d  

by feeding  back t h e  s t a t e  v a r i a b l e s  a s soc ia t ed  wi th  t h e  compensator i t s e l f .  

The methods discussed h e r e  w i l l  then serve as an  in t roduc t ion  t o  t h e  gene ra l  

case ,  which is t r e a t e d  i n  t h e  next s e c t i o n .  

A study of t h e  methods of r e a l i z i n g  a series compensation network by 

feeding  back t h e  v a r i a b l e s  assoc ia ted  with t h e  compensator itself is compli- 

ca t ed  by two facts.  F r r s t  the  r e a l i z a t i o n  is not unique, and second, t h e  

equat ions  involved are not  l i n e a r  a l g e b r a i c  equat ions .  A sys temat ic  method 

of approach i s  necessa ty  t o  avoid being  bogged d m  i n  a lgebra .  The t h r e e  

drawings of F i g .  2.5-3 serve t o  i l lus t ra te  t h e  problem. A series compensator 

equ iva len t  t o  t h e  feedback compensation system of Fig. 2.4-3a i s  i l l u s t r a t e d  

i n  Fig.  2.5-3 . We wish t o  r e a l i z e  t h i s  t r a n s f e r  func t ion  by t h e  scheme 

i n d i c a t e d  i n  Fig.  2.5-3c. Why? Because i f  k is  anything o t h e r  than zero, 

then a reduct ion  of t h e  system t o  the  I? ( s )  form r e s u l t s  i n  an H ( s )  t h a t  

has  3 zeroes. By a wise choice  of  k i t  may be p o s s i b l e  t o  i n s u r e  t h a t  

4 

e C  eq 

4’  
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these zeroes  r e m a i n  in the lef? hal f  s plane, SO that the root loeils of i h e  

r e s u l t i n g  system never c ros ses  i n t o  t h e  r i g h t  h a l f  p lane  f o r  any va lue  of 

ga in .  

A t  the  same t i m e  t h a t  k is  being chosen t o  g ive  the  o v e r a l l  system 

d e s i r e d  p r o p e r t i e s ,  one must insure t h a t  the choice of k 4  302s not  p l a c e  

unreasonable  demands on e i t h e r  K o r  6 ,  where t h e s e  q u a n t i t i e s  are def ined 

i n  Fig.  2.5-312. L e t  us  examine the requirements  on K 

by t h e  d e s i r e d  series compensator. The cons tan t s  K 6 ,  and k must be 

chosen t o  i n s u r e  t h a t  

4 

C 

6, and k4, as s p e c i f i e d  
C ’  

C ’  4 

K (s+10) 

-I 

Kc k4 (s+lO) 

s + 6  1 + -  

-- 8 0 / 3  (s+10) 
(s+21) 

The two are equal  i f  t h e  following are s a t i s f i e d .  

K 
= 80/3 C 

1 + Kck4 

and 

b + 19 K k4 

1 + Kc k4 
---- = = 21 

(2.5-2) 

(2.5-3) 

( 2 . 5 - 4 )  

Only two equat ions  m u s t  be s a t i s f i e d ,  and t h r e e  cons t an t s  are available. 

Thus one of t h e s e  unspec i f ied  

t o  pick a resonable  va lue  f o r  

t he  r e s u l t  is 

8013 
Kc - 80 k4 

1----- 3 

This  p l aces  an upper bound on 

cons t an t s  is a r b i t r a r y ,  and ou r  f i r s t  g o a l  i s  

one cons tan t .  I f  Eq. 2.4-3 is so lved  for Kc, 

k4 o f  3/80, i f  K is t o  be kept  a p o s i t i v e  number. 
C 

It i s  p o s s i b l e  t o  p l a c e  a second bound on k by examining the  cxpress ion  fo r  

(s) may be  w r i t t e n  i n  terms of k4 d i r e c t l y  from Fig .  2.4-3c as 

4 

Heq(s ) .  H 
eq 
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k 5’ + 13 k4 s L  + (30 k4 + -938)  s + 6 4 - - - - 
6 

To i n s u r e  t h a t  t h e  zeroes  of fi (s) remain i n  the  l e f t  h a l f  plane,  i t  is 

only necessary t h a t  t he  numerator of H (s) be a H u w i t z  polynomial. 

Appl ica t ion  of e i t h e r  t h e  F-outh or  H u w i t z  c r i t e r i a  i nd fca t e s  t h a t  t he  only 

eq 

eq 

l i m i t a t i o n  on k4 is t h a t  

Thus k4 is bounded on both s i d e s ,  as 

< 0 - k4 < 3/80 

Recause of t h i s  range of  p o s s i b l e  values  of k an i n f i n i t e  number of sol- 

u t i o n s  t o  t h i s  problem e x i s t .  

4’ 

Let us r a t h e r  a r b i t r a r i l y  choose k4 t o  be 2/80. 

Then t h e  r e s u l t i n g  K and s are 

K a 80 C 

8 = 43 

The final design is p ic tu red  i n  Fig. 2.5-5. For t h i s  system H (s) is  
eq 

s3 +- 13s2 + 67.5 s f 2 3  
H , , ( s )  = 240 

a ( s+8 .4) - [ (~+2.3)~  + (3.4)‘l 
240 

The root locus diagram corresponding t o  Fig. 2.5-5 is  given i n  Fig.  2.5-6. 

This is  t h e  f i r s t  time w e  have fed back a state v a r i a b l e  o t h e r  than those  

i n h e r e n t l y  a s soc ia t ed  wi th  the  system. The state  v a r i a b l e  x4 is  always 

a v a i l a b l e ,  s ince  it is assoc ia t ed  wi th  t h e  compensator. It is f o r  t h i s  

reason t h a t  t he  author  maintains  t h a t  t h e  case  never  e x i s t s  i n  which t h e  

Guillemin-Tmxal series conpensation shculd be used. 

t h e r e  are always a v a i l a b l e  s t a t e  v a r i a b l e s  which can be f ed  back. 

I n  t h e  series compensator 

On t h e  b a s i s  of t h i s  s i n g l e  example, l e t  us  p o s t u l a t e  a design procedure 

t o  be used i n  t h e  des ign  of series compensation networks. Here It is assumed 
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t h a t  one has  already deiermined what the desired compensation network must 

be. 

1. E s t a b l i s h  a feedback conf igura t ion  to  r e a l i z e  t h e  des i r ed  compensa- 

t i o n  network. Tliis feedback conf igu ra t ion  w i l l  con ta in  an unknown 

g a f r ,  iln'kiiown pole l oca t ions ,  and unknown feedback c o e f f i c i e n t s .  

I n i t i a l l y  l e t  a l l  o f  t h e  feedback c o e f f i c i e n t s  be 0 except k . 

Obtain l i m i t s  on t h e  kn + by examining the express ion  f o r  g a i n ,  

Kc, as a func t ion  of k,, + and by examining requirements of H 

t o  i n s u r e  t h a t  a l l  of t h e  zeroes  l i e  i n  t h e  l e f t  h a l f  plane.  

2. 

3. 

n + 1' 

(5) 
eq 

4. Choose kn + which e s t a b l i s h e s  K and t h e  remaining unknown po le s  
C 

i n  t h e  compensation network. 

5,  Repeat t h e  procedure in order t o  determine kn + and a new K . 
c 

In t h e  example j u s t  solved,  only t h e  k n-+ = k4 c o e f f i c i e n t  e x i s t e d ,  

and i t  was not necessary  t o  repeat t h e  procedure.  

a v a i l a b l e ,  t hen  i t  is  necessary  t o  r e p e a t  t h e  procedure.  

I f  both x and x3 are no t  2 

L e t  us now cons ide r  t h e  case  i n  which both x2  and x are no t  a v a i l a b l e .  
3 

The r equ i r ed  feedback compensation network is given i n  Fig. 2.5-5. I f  t h e  

i n n e r  loop is reduced, t h e  r e s u l t  is t h e  Guillemin-Truxal r e a l i z a t i o n  of 

Fig. 2.3-2a. Thus t h e  series compensation network t h a t  is  t o  be r e a l i z e d  is  

taken  from t h i s  l a t te r  f i g u r e  to  be 

x,(e) 80/3 (&3) (s+lO) 
-t 

E(Y) s2 + 245 + 88 

This  is shown i n  Fig. 2.5-7a. Fig.  2.5-7b is  t h e  feedback conf igu ra t ion  

invo lv ing  only t h e  c o e f f i c i e n t  k4 t h a t  might be used t o  rea l ize  t h e  series 

compensator of Fig. 2.5-7a. "his feedback conf igu ra t ion  is shown i n  open 

loop form i n  Fig.  2.5-7c, and of course t h e  t r a n s f e r  func t ions  of Figs. 2.5-7a 

and 2.5-7b must be  equal .  These a re  equal  if t h e  fol lowing equat ions  are 
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, 8013 E ( s )  

A 

(s4-3) (S+lO) x 4  

$+24s+88 
A 

Fig. 2.5-7b. Step 1 of the series compensation design procedure. 

- 

C 
K 

l+ Kck4 

Fig .  2.5-7c. The open loop eTuivalent of Fig .  2.5-7b. 

F i g .  2 . 5 - 7 .  Alternate representations of t h e  required s e r i e s  compensation network. 

> 

(s+3) (s+10) 
ab a+b+i?F,li& + J°Kck4+ 

i + Kck4 4 



55 

s a t i s f i e d .  

K 
= 80/3 C 

C 
1 + K  k4 

4 a + b + 13Kc k 
-------l__- t 2 4  

l + K  k4 
C 

(2.5-5) 

30 Kc k4 + ab  

I + K  k .  
c 4  

----- - - 88 

Step  1 of t h e  series compensation des ign  procedure is  s a t i s f i e d  by Fig. 2.5-7. 

Step  two may be p a r t i a l l y  s a t i s f i e d  by solvinR t h e  f i r s t  equa t ion  above f o r  

t h e  compensation g a i n ,  Rc, i n  terms of k The r e s u l t  is 4' 

80 Kc = 1 - k$,3 

and, as be fo re ,  k may n o t  exceed 3/80 iF t he  compensator ga in  is t o  be 

p o s i t i v e .  The other bound on k4 must  be  e s t a b l i s h e d  from H (s ) .  The over- 

all system i s  p i c t u r e d  i n  F ig .  2.5-8, and for t h i s  system H (s) is 

4 

eq 

eq 

s+10) (s+3) i s )  + 

6 H ( s )  = k4 ( 
eq 

Appl ica t ion  of t h e  Routh o r  Hurwitz c r i te r ia  i n d i c a t e s  theinumerator of 

H 

have now been e s t a b l i s h e d  as 

( s )  has  ze roes  i n  t h e  l e f t  h a l f  p lane  f o r  k4  1/65. Ti& hounds on k4 
eq 

1/65 u k4 < 3 / 8 0  

A k, i n  t h i s  . r a n g e  must be se l ec t ed ,  s o  l e t  us again  pick k4 = 2/80. 

t h i s  va lue  of  k K = 80, and even though E q s .  2.5-5 a r e  h ighly  non l inea r ,  

t h e i r  s o l u t i o n  for a and b is q u i t e  easy  once k and K are known. The 

pole l o c a t i o n s  a t  a and b t u r n  n u t  t o  be 

a = 5 o r  4 1  

b = 41 or  5 

For 
-4 

4' c 

4 C 
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Hence the  compensator of Fig. 2.5-7b is completely s p e c i f i e d .  

i s  shown I n  Fig.  2.5-9a. 

T h i s  compensator 

The compensator of Fig.  2.5-9a has an i n t e r n a l  s t a t e  v a r i a b l e ,  s i n c e  i t  

is  descr ibed  by a second o rde r  polynoxnial in s ,  or equ iva len t ly ,  bv a second 

o r d e r  d i f f e r e n t i a l  equat ion.  A l l  t h a t  remains t o  be done is t o  determine a 

s u i t a b l e  feedback c o e f f i c i e n t  a s soc ia t ed  wi th  t h i s  s t a t e  va r i ab le .  That is, 

t h e  series compensation procedure must be repea ted  aga in ,  i n  o r d e r  t o  deter -  

mine a new compensator ga in  and a feedback c o e f f i c i e n t ,  k5. 

of Fig.  2.5-9b i l l u s t r a t e s  t h e  f i n a l  form of t h e  feedback r e a l i z a t i o n  of t h e  

The block diagram 

compensator network. Fig.  2.5-9c i l lustrates  t h a t  po r t ion  of t h e  Fig.  2.5-9c 

which is y e t  unspec i f ied .  From a comparison of Fig. 2.5-9a and 2.5-9b 

r e s u l t s  t h e  e q u a l i t y  t h a t  is ind ica ted  i n  Fig. 2.5-9c. This  equivalence 

is expressed in t h e  equat ion  

80 ( s + l O )  1 + Kc\5 

a + 10 K k5 
s + - - .  

m 
1 s + 5  

C 

1 + K 'k5 
C 

Here t h e  n o t a t i o n  Kc1 is used t o  i n d i c a t e  t h e  new ga in  t h a t  i s  needed. 

above equat ion  y i e l d s  t h e  following 

The 

= 80 1 1 + Kc k5 

a + 10 Kc 1 k5 

7 s  5 
1 + KcL k5 

1 
Eq.  2.5-6 may be solved f o r  K , as 

C 

L 80 
Kc 1 - 80 k5 

To i n s u r e  t h a t  Kc1 is  p o s i t i v e ,  

(2.5-6) 

(2.5-7) 

(2.5-8) 
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- 

F i g .  2.5-9a. The first i t e r a t i o n  on a feedback r e a l i z a t i o n  for 
t h e  d e s i r e d  compensation network. 

kg 

4 

c 

kg t 1 
, 2 / 8 0  

t 
+ 

1 

Fig. 2.5-9b. The f i n a l  form of t h e  feedback compensator. 

80 ( s + l O )  - ~ t  
Fig. 2.5-9.  Feedback r e a l i z a t i o n  of t h e  requi red  series  compensator. 
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The de termina t ion  of tL.e o t h e r  bound on k depends on H (s).  The 

block diagram of Fig. 2.5-10 i l l u s t r a t e s  t h e  o v e r a l l  system from which II (s) 

must be  ca l cu la t ed .  The r e s u l t i n g  11 (s)  i s  q u i t e  conp l i ca t ed ,  bu t  t h e  zeroes 
eq 

of H i s )  remain i n  rhe ieft h a l f  s piane  even i f  ic goes negat ive .  iet us 

take 0 as t h e  lower bound, s o  t h a t  k 

5 eq 

eq 

eq 5 
is bounded by 5 

0 5 k5 <1/80 

As an a r b i t r a r y  choice ,  l e t  k5 - 1/160. 

and from Eq. 2.5-7, a is  found t o  be zero.  The f i n a l  s y s t e m  is t h a t  of 

F ig .  2.5-10, al t h  K = 160, k5 = 1/160 and a = 0. H (9) i s  

Then from Eq. 2.5-8, 'c, is 160, 

C eq 
9 3 

s3 + 20.69' + 106 s + 192 
192 H =  

eq 

G(s) is now 

960 

s2 (s+41) 
G ( s >  = 

and t h e  r o o t  l ocus  f o r  G ( s )  H ( s )  i s  p l o t t e d  i n  F i g .  2.5-11. The s e n s i t i v i t y  
eq 

and s t a b i l i t y  b e n e f i t s  r e a l i z e d  when x and x were both p resen t  have been 

re turned .  

2 3 

Two f e a t u r e s  of t h i s  example problem m e r i t  more discussion. In  Fig. 2.5-9b 

the r e a d e r  m y  have wondered what prompted t h e  au tho r  t o  r e a l i z e  t h e  t r a n s f e r  

f u n c t i o n  80 (s+lO)/(s+5) with  the  feedback conf igu ra t ion  involving k5. 

n o t  s p l i t  up t h e  ga in ,  and enc lose  (s + 3)/(s+41) wi th  k5, o r  one of t h e  two 

o t h e r  p o s s i b l e  pole zero combinations. 

why 

I n  r e a l i z i n g '  l ead  l a g  compensators, 

that  is two po le s  and two zeroes ,  t h e  l a r g e s t  ze ro  and t h e  smallest pole are 

always pu t  i n t o  t h e  f i r s t  block. 

i n  the l e f t  h a l f  s p lane  f o r  t h e  l a r g e s t  range of the last feedback c o e f f i c i e n t .  

This i n s u r e s  t h a t  H (s) will have zeroes  
eq 
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The second f a c t  t h a t  needs d iscuss ion  is t h e  freedom of choice of k 4 

and k5 t o  a range of va lues .  

fn a r a t h e r  a r b i t r a r y  manner, s i m p l y  because no c r i t e r i a  have vet been 

e s t a b l i s h e d  for t h e i r  choice.  It  i s  felt t h a t  k and k should have been 

picked wi th  a view toward a minimization of t h e  e f f e c t s  of the  m o s t  l i k e l y  

parameter v a r i a t i o n .  

In t h e  example the author  picked k,, and k5 

4 5 

Work i n  t h i s  area is cont inuing.  

This concludes t h e  discussion of t h e  simpiesc case. In  ihe general. 

case ,  when a l l  of t h e  s t a t e  v a r i a b l e s  are n o t  a v a i l a b l e ,  a combination of 

minor loop compensation and s e r i e s  conpensation wi th  feedback of t h e  

compensator s t a t e  v a r i a b l e s  is used t o  r e a l i z e  t h e  des i r ed  C ( s ) / R ( s ) .  
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2.6 The General C a s e  

The gene ra l  case  is concerned w i t h  systems i n  which t h e  given G (s) is  

n o t  adequate  t o  r e a l i z e  a d e s i r e d  C ( s ) / R ( s ) .  The m o s t  comon case i n  which 

t h i s  s i t u a t i o n  arises i s  the case  i n  which zeroes  a r e  r equ i r ed  i n  the  c losed  

loop t r a n s f e r  func t ion .  Usually G (s) does not  con ta in  zeroes ,  o r  i f  they  
P 

are p resen t ,  they  are n o t  l oca t ed  i n  t h e  d e s i r e d  place.  

s a t i o n  must be added t o  r e a i i z e  the required zeroes. Ttiia increases the 

o r d e r  of t h e  open loop t r a n s f e r  func t ion  G (s)G ( s ) ,  s i n c e  G (s) i s  now no 

longer  one. This  s i t u a t i o n  is very similar t o  t h a t  encountered i n  t h e  previous 

s e c t i o n  when a l l  of t he  s t a t e  v a r i a b l e s  w e r e  no t  a v a i l a b l e ,  and series com- 

pensa t ion  w a s  used with feedback t o  r e a l i z e  t h e  des i r ed  c losed  loop response.  

P 

Then series compen- 

C P  C 

Because of t h e  d e t a i l  t h a t  was presented  i n  t h e  las t  two s e c t i o n s  i n  

t h e  d i scuss ion  of t h e  s p e c i a l  case, t h e  d i scuss ion  of the  gene ra l  case is  

made cons iderably  easier. I n  the  d i scuss ion  t h a t  fol lows i t  i s  assumed t h a t  

G (s) has p po le s  and z zeroes, and t h a t  none of t hese  zeroes  are loca ted  

i n  t h e  p o s i t i o n s  r equ i r ed  by t h e  des i r ed  C ( s ) / R ( s ) .  I f  unwanted zeroes  are 

to  be e l imina ted  and no t  replaced by o t h e r  zeroes ,  t h i s  m a y  be accomplished 

i n  t h e  fol lowing way; z of the  poles  of C ( s ) / R ( s )  can be loca ted  a t  the 

ze ro  p o s i t i o n s ,  so t h a t  the r e s u l t i n g  C ( s ) / R ( s )  would have no zeroes  and 

(p - z) poles .  I f  t he  d e s i r e d  denominator of C ( s ) / R ( s )  i s  t o  be of h ighe r  

o r d e r  than (p - z ) ,  then  series compensation of  t h e  form l / ( s+a i )  must b e  

added f o r  each a d d i t i o n a l  po le  t h a t  i s  needed. 

P 

Often i t  is d e s i r e d  to add zeroes ,  e i t h e r  because of a d e s i r e d  f r e -  

quency response requirement or because a high va lue  of v e l o c i t y  e r r o r  COY 

e f f i c i e n t  i s  requi red .  In  the  p re sen ta t ion  thus  f a r  i t  has always been assumed 

t h a t  k w a s  chosen t o  i n s u r e  an i n f i n i t e  p o s i t i o n  error c o e f f i c i e n t .  I n  t h e  

examples, w e  have always considered systems wi th  one i n t e g r a t o r ,  so t h a t  t h e  

1 
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va lue  of k is always 1. 

be r e a l i z e d  q u i t e  eas f ly . .  If t h e  poles  of the c losed  loop t r a n s f e r  func t ion  

are des igna ted  by Xi ,  and t h e  zeroes  by  v 

i n f i n i t e  v e l o c i t y  e r r o r  c o e f f i c i e n t  is r e a l i z e d  i f  

An i n f i n i t e  v e l o c i t y  e r r o r  c o e f f i c i e n t  may a l s o  1 

Truxal  (1955) -has  shown t h a t  an i' 

1 1  1 1 1  1 + - + - 0 .  - 1 - + - + 0 . .  - - 
5 x2 'm '1 '2 ym 

1 1  1 1 1  1 + - + - 0 .  - 1 - + - + 0 . .  - - 
5 x2 'm '1 '2 ym 

(2.6-1) 

Hence zeroes  are o f t e n  added i n  such a p o s i t i o n  so as t o  s a t i s f y  equat ion  2.6-1. 

Zeroes cannot be added without  adding a p o l e  a t  t he  same t i m e .  The b a s i c  

compensation u n i t  i n  t he  case  t h a t  zeroes  are t o  be added o r  are t o  r ep lace  

unwanted zeroes  is  (s+y ) / ( *a  ), where y is known. This  is  just t he  u s u a l  

l e a d  or l a g  network, and is of t h e  form considered i n  t h e  prev ious  s e c t i o n .  

i i i 

The previous  paragraphs can be  summarized q u i t e  b r i e f l y .  Zeroes i n  

C ( s ) / R ( s )  can  be e l imina ted  by p lac ing  po le s  under them, and they can b e  

added by using a series compensator of t h e  form (s fy  )/(s+& ). The zero  of 

t h i s  compensator appears  as a zero i n  t h e  c losed  loop, and thus  i t s  l o c a t i o n  

is s p e c i f i e d  i n  advance. Addit ional  po le s  are added by adding a compensator 

of t he  form l / (s+6i) .  

c o n t r o l l e d  by t h e  adjustment  of t h e  k i ' s .  K,  and t h e  poles  of t h e  series 

compensators. The design procedure is t hus  the  following. 

i i 

The p o s i t i o n  of t h e  n poles of C ( s ) / R ( s )  may then be 

1. 

2. On she  b a s i s  of  t h e  u n a l t e r a b l e  G (s) and t h e  r equ i r ed  C ( s ) / R ( s ) ,  

s p e c i f y  the  form of t h e  necessary G ( 9 ) .  G ( s )  need con ta in  only 

compensation of t h e  form l/(s+ai) o r  (s+yi)/(s+di). 

p of t h e  compensation elenents are  unknown. 

Determine the va lues  of K, t h e  k i ' s ,  and t h e  po le s  of t h e  compen- 

s a t i o n  networks necessary t o  realize t h e  des i r ed  c losed  loop 

reF;ponse. The k 's determine a t e n t a t i v e  H (s) wi th  (p-1) zeroes ,  

des igna ted  as Ht (s). 

Choose a d e s i r e d  C ( s ) / R ( s )  . 

P 

C C 

Only the  poles  

3. 

i eq 

w 
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4. Synthesize t h e  s e r i e s  Compensation network by feeding back i t s  own 

s t a t e  v a r i a b l e s ,  according t o  t h e  procedure spec i f i ed  i n  the  previous 

sec t ion .  This spec i f i eq  t h e  d e s i r e d  !I ( G )  w i t h  (n - 1) zeroes.  
eQ 

5 .  Account for any unavai lahle  s t a t e  va r i ab le s  with t h e  use of minor 

loop compensation. 

This gene ra l  des ign  procedure reduces t o  that of the s p e c i a l  case in 

t h e  s i t u a t i o n  when G (si and C ( s j j R ( s j  are compatible. in that instance, 

s t e p  two is  automat ica l ly  s a t i s f i e d ,  and i n  s t e p  3 the  des i r ed  closed response 

i s  used t o  f i n d  t h e  va lues  of K and the  k i t s ,  as t h e r e  are no unknown values  

of t h e  compensator po les ,  s i n c e  the re  is no compensator. I n  case some of the  

s ta te  v a r i a b l e s  are unavai lab le ,  they may be r e a l i z e d  e i t h e r  by the  s y n t h e s i s  

of a series network o r  by minor loop compensation. 

P 

The reader  may now apprec ia t e  why so much t i m e  w a s  spent  i n  t h e  previous 

s e c t i o n  on the series and minor loop compensation methods. 

i n  t h e  genera l  case ,  i n  o rde r  t o  avoid t h e  n e c e s s i t y  of r e a l i z i n g  an unwieldly 

series network. For example, i f  two zeroes  need t o  be added and two s t a t e  

v a r i a b l e s  are unavai lab le ,  then a second order  series compensator and a second 

o r d e r  minor loop compensator would be used. 

r e a l i z e d  with feedback, however. 

Both are used 

The series compensator would be 

A more r igorous  approach to  this problem using a more modem mat r ix  

approach a s su res  us t h a t  the des€@ procedure o u t l i n e d  above always works. 

The proof amounts t o  showing t h a t  t h e r e  are as many equat ions  as t h e r e  are 

unknowns, and hence a so lu t ion  e x i s t s .  

i t  may no t  aluays be a s o l u t i o n  t h a t  ap;?eals t o  t he  d e s i p e r .  

may appear i n  the  r i g h t  ha l f  plane,  and the  s i g n  of H 

so t h a t  i t  is  necessary t o  draw a 0 degree r o o t  locus  i n  o rde r  t o  i n v e s t i g a t e  

t h e  r e s u l t s .  

But while  t h e  s o l u t i o n  always exists, 

That is ,  zeroes  

( s )  may even be negat ive ,  
eq 

These are handica2s t h a t  are r a t h e r  e a s i l y  overcone, bu t  t h e  
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ability t o  overcome t h e s e  handicaps relies upon a good understanding of roo t  

l ocus  techniques.  In  this s e c t i o n  we app ly  t h e  genera l  d e s i g n  procedure as 

i t  is given,  and accept  t h e  r e s u l t s  as they a re .  After a l l ,  the results a r e  

indeed exce l l en t ,  if one can choose any C ( s ) / R ( s ) .  

l e m  of r e a l i z i n g  zeroes i n  t he  r i g h t  ha l f  plane,  s i n c e  they are only equiva- 

l e n t  zeroes t h a t  do not e x i s t  i n  the phys ica l  system. 

There i s  no t  even a prob- 

As a first exampie, cons ider  the piant to be cciltrollcd 88 t3at  give= 

i n  F ig .  2.6-1. Here P, (s) i s  given as 
P 

4 (s+2 
P = S ( S + 4 ) ( S L )  

Fig .  2.6-1 con ta ins  more information than simply t h e  t r a n s f e r  func t ion  

of Eq. 2.6-1, as t h e  f i g u r e  Ind ica t e s  t h e  pole  with which t h e  zero is assoc i -  

a t ed ,  assuming as before t h a t  we  have used actual phys ica l  state v a r i a b l e s .  

The o b j e c t  of t h i e  des ign  is to simply remove t h e  zero a t  s = -2,  and a t  the  

same t i m e  insure t h a t  t he  closed loop response i o  s p e c i f i e d  by 

. 450 C(s> / R  (e) = -- - --.-- 2 2  
[ ( s + 3 )  + 3 ] ( s + 2 5 )  

(2.6-2) 

In  order t h a t  t h i s  might be done it is necessary t o  add a series compensatior. 

element of t h e  form l / ( ~ + 6 ~ ) ,  and a c t u a l l y  des ign  t o  a C ( s ) / R ( s )  given as 

(2.6-3) 
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- * L t 

X .A . 7  
X R ( s )  4K 

s+8 s+4 

i A 

F i g .  2.6-la. The giver. p l a n t  t r ?  h e  c o n t r o l l e d ,  quch t h a t  C ( s ) / R ( s )  

- + 

,1 
S 

- .  450 
2 2  ((9+3) +3 1 [ s+25]  

- 

I ? 

X 
3 1 X X R ( S )  + K 4 4 (s+?) c 

s+ 5 S+8 s +4 

. * A 

k2 

. 
" 

k3 
I . * 2 

' k2 
4 b 

F i g .  2.6-lb. Means by which the  plant of Fig. 2.6-la may be con t ro l l ed  t c  
real ize  t h e  d e s i r e d  C(s)/R(s).  

F i g .  2.6-lc. An obvious s i m p l i f i c a t i o n  of Fig. 2.6-lb, wi th  6 ~ 2 .  

F i g .  2.6-1. The first example of Sec t ion  2.6-1. 
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Figure 2.6-lb f l h s t r a t e s  t h e  conf igura t ion  of the  system w i t h  t he  series 

compensation element i n  p lace .  

a r t i f i c i a l - - a  r a t h e r  obvfaus choice of the series compensator would be one 

with  a pole  at  s 

then be  e f f e c t i v e l y  t h a t  of Fig. 2,4-lc, which could then be treated as t he  

s p e c i a l  case. 

It  is apparent  t h a t  this problem is smewhat 

-2 ,  whfch would simply cance l  t h e  zero. The s y s t e m  would 

L e t  us proceed w i t h  this problem for purposes of i l l u s t r a t i o n ,  

and later we w i i i  examine the more c i i f f i c u i t  case when the  zero at s = -2  

is a s s o c i a t e d  wi th  t h e  po le  a t  s = -4. 

Step 1 of t he  procedure has already been accomplished wi th  the  s p e c i f i -  

c a t i o n  of C ( s ) / R ( s ) ,  and s t e p  two is a l s o  complete wi th  the  drawing of 

Ffg. 2.6-lb. It is  now necessary to solve for K, k2, k3, and 6 .  

For t h e  system of Fig. 2.6-lb H (s) is  
eq 

H e q ( s )  = k382 + (4k3+k2) s + 1 

4K (s+2) 
G(s) s(9+4) (s+8) (s+6) 

so t h a t  t h e  r e s u l t i n g  C ( s ) / R ( s )  i s  

_-- 4K(s+2) - 

3 c(s)/R(s) = 
s4 + As + Bs2 + Cs + D 

where 

A = 12 + 6 + 450k3 

B = 32 + 128 + 41:j4k3+k2) + 900k3 

CI = 325 i- 4K + 8P(& 
D = 8K 

+ k2) 3 
( 2 . 6 - - & )  



i 

69 

It i s  apparent  :rom Eq. 2.6-3 t h a t  t he  following e q u a l i t i e s  must be s a t i s f i e d  

A = 33 c: = 785 

B = 230 D = 900 

The simultaneous s o l u t i o n  of Eqs, 2.6-4 r e s u l t s  i n  the  fol lowing va lues  of 

t he  unknown system elements 

K - 450/4 
1 
1 
R 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 

k2 = 60/450 

kg = 19/45 

6 = 2  

Our i n i t i a l  susp ic ion  has  proved to be c o r r e c t ,  and 6 is  2 .  For t h e s e  

va lues  of t h e  p a r m e t e r s ,  t he  t e n t a t i v e  H t 
eq 

(s) ,  Heq(s) is 
- 

( 6 )  .c 19/450 [s2  + 17.7s + 23.6) eq 

19/45 [(s+3.S8)' + 3.262] 

and t h e  r e s u l t i n g  r o o t  locus diagram is  ind ica t ed  i n  Fig.  2.6-2. This  appears  

t o  be a completely s a t i s f a c t o r y  r e s u l t .  (9)  l i e  i n  the  l e f t  

h a l f  plane, and a r e  i n  f a c t  v e n  close t o  the  des i r ed  pole  l o c a t i o n s ,  i nd ica t ing  

i n s e n s i t i v i t y  t o  gain v a r i a t i o n s .  

is no reason t o  proceed wi th  s t e p  4. 

were unavai lab le ,  t h i s  shortcoming could be overcome wi th  minor loop compensa- 

t i o n ,  as i n  t h e  preceediag section. 

The zeroes  of Ht 
e l  

The asymptote goes off  a t  -180', and t h e r e  

If one o r  more of the  state v a r i a b l e s  

The above problem is q u i t e  t r i v i a l ,  bu t  i t  does i l l u s t r a t e  t he  method 

by which a d d i t i o n a l  po les  a r e  added by the  use of t h e  s imples t  type series 

compensator, l/(s+6). i n  t h i s  case the  pole was added right under a zerc ,  

t o  cance l  t h e  zero. Because the  zero appeared i n  the  l e f t  hand block of 

t h e  given p l a n t ,  c a n c e l l a t i o n  compensation r e s u l t e d  from t h e  a p p l i c a t i o n  of 

t h e  gene ra l  design procedure.  

. 
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The p i a n t  t o  be c o n t r o l l e d  i n  t he  second example is  i n d i c a t e d  i n  F i g .  2.6- 

3a. This example involves  the  s u b s t i t u t i o n  of a des i red  z e r o  f o r  an  unwanted 

one. The d e s i r e d  ze ro  is  chosen so as t o  i n s u r e  t h a t  t h e  f i n a l  c losed  loop  

s y s t e m  has  an i n f i n i t e  v e l o c i t y  error  c o e f f i c i e n t .  A second o r d e r  example 

has  been chosen h e r e  t o  s i m p i i f y  the a igebra ,  as w e  eventua l iy  ‘nope t o  add 

a d d i t i o n a l  series compensation i n  t h i s  problem. 

i n  t h e  l e f t  hand box t o  i n s u r e  t h a t  c a n c e l l a t i o n  compensation does n o t  r e s u l t .  

The d e s i r e d  C ( s ) / R ( s )  for  t h i s  second example is 

The ze ro  h a s  n o t  been placed 

6 ( s + 3 )  
C ( s ) / R ( s )  = (2.6-5) 

(S+3l2 + 32 

Here t h e  ga in  has  been chosen s o  t h a t  C ( O ) / R ( O )  = 1, t o  i n s u r e  ze ro  p o s i t i o n  

error f o r  s t e p  i n p u t s ,  and t h e  zero p o s i t i o n  a t  s = -3 has  been chosen t o  

s a t i s f y  Eq. 2.6-1. 

ramp inputs .  Since t h e  given p l a n t  a l ready  had a z e r o  which must be  elimin- 

a t e d ,  t h e  C ( s ) / R ( s )  t h a t  must a c t u a l l y  be  r e a l i z e d  is  

This  r e s u l t s  i n  a zero  s teady  s ta te  v e l o c i t y  e r r o r  for 

6 (s+2) (9+3)- 

(s+2)  [ ( s+3)’  + 32] 
C ( s ) / R ( s )  = -- 

6 (s+2) (s+3) 

s 3  + 8s2 + 30s + 36 
--- 

From Fig. 2.6-3b, G ( s ) ,  Ht 
eq 

of t h e  unknowns, K k and 6. These express ions  are 

(s), and C ( s ) / R ( s )  may a l l  be  w r i t t e n  i n  terms 

1 2’  

2K (s+2) ( s + 3 )  
G ( s )  = s (s+a) ( s + 4 )  

2K ( s t 2 )  (s+3) 

s3 + As2 + Bs + C 
C ( s ) / R ( s )  = - 
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S +f4 

L 

6 (s+3) 

(si-3) +3 2 2  l ' i g .  2.6-3a. The given p l a n t  to be controlled such t h a t  C ( s ) i X < s )  = 

x2 . s+? X l W  

S 

Fig. 

Fig. 

2.6-3b.  

2.6-3. 

Means by which the  plant of Fig. 2.6-3a may 
to realize the d e s i r e d  C ( s ) / R ( s ) .  

The s y s t e m  for t h e  second example. 

be controlled 



where 

A = 6 + 4 + 2K (k2+1) 

B = 46 + 4K + 6 R  (kg + 1) 

C = 1 2 K  

By equat ing  c o e f f i c i e n t s  nf equal p ~ e r s  3f s in Eqs. 2.6-5 and 2.6-6, the 

fo l lowing  va lues  r e s u l t  f o r  t h e  unknown system parameters.  

K =  3 

k2 = - 4 / 3  

6 = 6  

t and H (s) is 
eq 

-1/3 (s-6) 
s + 2  

Ht (s)  = 
eq 

t 
Both G ( s )  and Ht 

may be drawn be fo re  steps 4 and 5 are complete. The roo t  locus for t h i s  

example is  p l o t t e d  I n  Fig. 2.6-4, and because of t h e  nega t ive  s i g n  i n  H 

a ze ro  degree locus  m u s t  be  drawn. Observe t h a t  i n  t h i s  f i g u r e  H (5) has 

a ze ro  i n  t h e  r i g h t  h a l f  plane,  and two asymptotes go toward zeroes  a t  i n f i n -  

i t y .  The r e a l i z a t i o n  of t h e  compensation network wi th  feedback can be used 

t o  e l i m i n a t e  these  d i f f i c u l t i e s ,  hence l e t  us proceed t o  s t e p  4 .  This  is, 

i n  f a c t ,  a major reason f o r  r e a l i z i n g  t h e  compensation network with feedback. 

The f i n a l  system conf igura t ion  i s  given i n  Fig. 2.6-5. I n  o r d e r  t o  make 

(s) are known, and the  roo t  locus  corresponding to  C ( s )  H (9) 
eq eq 

t I 
( s ) ,  

eq 
t 
eq 

an i n t e l l i g i e n t  choice of k3, i t  is necessary t o  determine H 

t h a t  one bound may be  p laced  ofi k 

Fig.  2 . 6 - 5 ,  H (s) i s  found t o  be 

(s), i n  o rde r  
eq 

By s i m p l e  block diagram reduct ion  of 3' 

eq 

s2 + ( 4 5 - 2 1 3 )  5 + 4 -- ic3 
Heq(s) = 2 ( s + 2 )  

(2.6-7) 

Routh's cr i ter ia  r e q u i r e s  k t o  be g r e a t e r  than 1/6. 3 

4 
.'I .-- 

'I 
1 
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Fig .  2.6-5 .  The final system conf igu ra t ion ,  i n d i c a t i n g  t h a t  Kc, and k 3 

have y e t  t o  be s p e c i f i e d .  

Kc = 12 

5 ,  = 1.5 

These are la ter  found t o  be 

i 

k = l / 4  3 
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The d o t t e d  p n r t i m  =f Fig. 2.6-5 indicates the  p o r t i o n  of the system 

t h a t  goes t o  r e a l i z e  t h e  series compensation network, 3(s+3)/(s+6). The 

equat ion  t h a t  must be s a t i s f i e d  here  is  

s -+ d1 3 :s+3> - a  
Kc C3(s+3) s + 5  

$ + a ,  1 +  
I 

K 
(s+3) c - 

3 (s+?) = 3-- = ___ 1 + K k  

61 + 3K kg s + 6  
C 

S t  1 + R  kj 
C 

By equat ing  ga ins  i t  is seen t h a t  

= 3  C 
K 

. 1 + K  kj 
C 

or 

3 
1 - 3k3 Kc = 

For K t o  be p o s i t i v e ,  k must be 1.ess than 1/3. Thus k3 
C 3 

1 / 6  k3 < 113 

L e t  us assume a middle va lue  of k as cqual t o  1/4. Then 

is 

3 

9 

sL + 4/3  s + 16 ( ~ + 2 / 3 ) ~  -t ( 3 . 9 - /  
8 (s+2) H (s) = - eq 8 (9+2) 

is bounded by 

H (s )  from Eq.  2.6-7 
eq 

\ 2  

and K and 6 are e a s i l y  found t o  be 
C 1 

K = 12 
C 

61 = 15 

Once again ,  t h e  f i n a l  system is p i c t u r e d  i n  Fig. 2.6-5, where a l l  system 

parameters are now known. G(s) H (s) i s  now known t o  be 
eq 
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and t h e  corresponding roo t  l ocus  is ind ica t ed  i n  Fig. 2.6-6 .  The des i r ed  

response has  been r e a l i z e d ,  wi th  i n f i n i t e  p o s i t i o n  and v e l o c i t y  e r r o r  I 
c o e f f i c i e n t s ,  and t h e  r e s u l t i n g  closed loop s y s t e m  is s t a b l e  f o r  a l l  gain.  

If  it is asswned t h a t  t h e  des i r ed  c losed  loop response is a s t a b l e  

response,  t hen  t h e  gene ra l  design procedure o u t l i n e d  i n  t h i s  s e c t i o n  and 

i l l u s t r a t e d  by t h e  last two examples always workst l??c t m t h  nf t h i s  state- 

ment is discussed  under t h e  heading of t h e  "Design of High Gain Systems". 

What is important  here  is  t h a t  t he  a p p l i c a t i o n  of t h e  gene ra l  design procedure 

is ted ious .  A l o t  of a lgeb ra  is  involved, p a r t i c u l a r l y  i n  f ind ing  the  bounds 

on t h e  feedback c o e f f i c i e n t s  t h a t  are a s s o c i a t e d  wi th  t h e  compensator state 

v a r i a b l e s .  Then, i n  o r d e r  to eva lua te  t h e  answer, H (s) must be determined, 

and t h i s  involves  t h e  f a c t o r i n g  of a polynomial of o r d e r  (n-1). 

r e a d e r  has  any doubt about  the amount of a lgebra  involved,  he is urged t o  

work t h e  f i r s t  example of t h i s  s e c t i o n  i n  t h e  case when t h e  zero  is  as soc ia t ed  

eq 
If t h e  

wi th  t h e  po le  a t  s = -4, r a t h e r  than i n  t h e  given loca t ion .  

A second drawback is t h a t  the  des igner  has  l i t t l e  i d e a  of what e f f e c t  

t h e  a r b i t r a r y  choice of t h e  compensator feedback c o e f f i c i e n t s  a c t u a l l y  has 

on t h e  over  a l l  H (9). I n  t h e  examples here ,  w e  assumed some middle va lue  
eq 

simply f o r  lack of something b e t t e r  t o  do. 

In defense  of t h e  gene ra l  design procedure of t h i s  s e c t i o n ,  i t  should 

be  poin ted  ou t  t h a t  a l l  of t h e  problems t h a t  have t o  be so lved  involve  

l i n e a r  a l g e b r a i c  equat ions ,  and these  are easily programmed. Fur ther  more, 

t h e  g e n e r a l  design procedure a lways  works. I n  t h e  fo l lowing  s e c t i o n  an 

a l t e r n a t e  des ign  procedure i s  ou t l ined  t h a t  may a p p e a l  t o  those with a 

classical  c o n t r o l  background. 
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2.7 &ternate Procedures 

The previous  s e c t i o n  d e t a i l s  a formal procedure for r e a l i z i n g  e x a c t l v  

a d e s i r e d  C ( s ) / R ( s )  i n  t h e  genera l  case i n  which t h e  g iven  p l a n t  is no t  

compatible w i t h  t h e  des i r ed  closed loop response. The compensation t h a t  

w a s  added w a s  d i c t a t e d  by the d i f f e r e n c e s  between t h e  p o l e  and zero  r equ i r e -  

ments of t h e  d e s i r e d  response and of t h e  g iven  G ( s ) .  Often t h i s  r e s u l t s  
P 

L,,r lrLL hand i?ost of *LA I--.- 7 * 2 - , .  ;I' a zera ti23 appeariiig In *I.- 7 - c c  L A ~ C  L C ~ U A L ~ ~ L ~ ;  SysiC?Ti. -- 

The presence  of t h i s  zero is unfor tuna te  f o r  two reasons.  The zero i s  never 

cance l l ed  by t h e  po le s  of H (SI, and hence t h i s  zero appears on t h e  s p lane  

p l o t  of  t h e  po le s  and zeroes  of C ( s ) H  ( 9 ) .  Also  the  presence of t h i s  zero 
eq 

r e s u l t s  i n  n o n l i n e a r  a l g e b r a i c  equat ions  t h a t  nus t  be so lved  t o  eva lua te  

t h e  unknown system parameters.  I n  terms of t h e  s t a t e  space r ep resen ta t ion ,  

i n  p h y s i c a l  v a r i a b l e s  it is no longer p o s s i b l e  t o  d e s c r i b e  t h e  sys t em as 

eq 

5 = W b u  - -- - 
s i n c e  a u dot term appears i n  t h e  l a s t  equat ion .  This would prevent  a 

t ransformat ion  of v a r i a b l e s  from anv o t h e r  s y s t e n  of v a r i a b l e s  i n  which t h e  

u dot term does no t  appear. 

s e c t i o n  is  t h e  e l i m i n a t i o n  of t h e  zero  i n  t h e  l e f t  hand block of C ( s ) .  

Hence one o f  the  baslc n o t i v a t i o n s  of  t h i s  

A second mot iva t ion  of t h i s  s e c t i o n  is t h e  d e s i r e  t o  choose a t  t h e  

o u t s e t  t h e  p o l e s  of t he  compensation network. If  t h e s e  p o l e  l o c a t i o n s  

could be  s p e c i f i e d  i n  advance, then t h e  problem would be reduced t o  t h a t  

of  t h e  s i m p l e s t  case. Here i t  i s  advocated t h a t  the  po le  p o s i t i o n s  be 

chosen on t h e  basis of the  knowledge o f  t he  d e s i r e d  c losed  loop response 

and on t h e  techniques f o r  drawtng-the r o o t  locus  diagram. 

It would be wrong t o  imply t h a t  t h e  methods o u t l i n e d  i n  t h i s  s e c t i o n  

a c t u a l l y  c o n s t i t u t e  a des ign  procedure. The con ten t s  of t h i s  s e c t i o n  might 

be regarded more as t r i c k s  t h a t  have proved t o  be h e l p f u l ,  and t h a t  have y e t  

I 
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t o  be incorpora ted  i n t o  any formal design technique. In a sense,  then, t h i s  

s e c t i o n  and the  obvious inadequacies of t h i s  s e c t i o n  begin t o  po in t  up the  

f u r t h e r  work t h a t  m u s t  be  done t o  complete the  H (s) nethod. 
e$ 

The approaches of t h i s  s ec t lon  depend t o  a large ex ten t  upon t h e  des igners  

-knowledge of r o o t  locus  methods. A few comments with regard t o  t h e  r o o t  locus 

method are i n  o rde r  here .  Xormally C ( s ) / R ( s )  has  zeroes  where G ( s )  has  zeroes 

and where H ( s )  has  poles .  Our H ( s )  is H (s>, m d  i ts  pcl,es are all ~ e i a e 5  of 

G ( s ) ,  however C ( s ) / R ( s )  does not  have two sets of zeroes ,  one from G(s) and 

one from t he  poles of H ( s ) .  The only zeroes  of C ( s ) / R ( s )  t h a t  appear  a r e  

the zeroes  of L(s) .  

If a zero of H 

eq 

eq 

(s) is placed a t  the  same l o c a t i o n  as a pole  of G(s),  
eq 

t h i s  does n o t  mean t h a t  the  pole  and zero cance l .  Rather ,  a branch of t h e  roo t  

l ocus  always lies between t h i s  pole  and zero,  so t h a t  the  p lac ing  of a zero of 

H 

I n  the examples t h a t  follow, the zeroes of H (6) and t h e  compensator po les  

are chosen so t h a t  they co inc ide ,  and hence spec i fy  one of t he  closed loop pole  

l o c a t i o n s .  A t  t h e  same t i m e ,  t h e  f ac to r ing  of H (5) is made s impler ,  s i n c e  

one of i t s  zeroes  i s  known. The idea is t o  shape t he  open loop t r a n s f e r  func t ion  

b e f o r e  s t a t e  v a r i a b l e  compensation is used. 

( 8 )  on t op  of a po le  of G(s) guarantees  a closed loop pole  a t  t h a t  l o c a t i o n .  
eq 

eq 

eq 

In t he  previous s e c t i o n  w e  considered t h e  removal of a zero i n  t h e  p l a n t  

of F ig .  2.6-la. The a p p l i c a t i o n  of the  genera l  procedure r e s u l t e d  i n  cance l la -  

t i o n  compensation, s i n c e  the  zero t o  be removed was l o c a t e d  i n  the  l e f t  hand 

most block of G ( s ) .  As a f i r s t  example of t h i s  s e c t i o n ,  l e t  us cons ider  t he  

removal of the  zero when cance l l a t ion  compensation is not q u i t e  SO obvious. 

The open loop p l an t  i s  descr ibed i n  F i g .  2 .7- la ,  where i t  is seen t h a t  G (5) is  
? 



u 4 

!3+8 

Fig.  2.7-la. The gfven p l a n t  tc be cmt rc t l l ed  such  t h a t  Eq.  2 . 7 - 1  may be 
s a t i s f i e d .  

1 X 3 s+2 x2 1 X 

S S4-4 

x 3 ~  

-l 

3 
k 

F i g .  2.7-lb. The means by which the p l a n t  of F i g .  2 . 7 - 1 3  nay bc controlled 
t o  rea l i ze  t h e  d e s i r e d  C ( s ) / R ( s ) .  
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The d e s i r e d  C ( s ) / R ( s )  is s t i l l  

C ( s ) / R ( s )  9 450 
[ (s+3I2 +- 32] (s+25) 

(2.7-1) 

bu t  i n  o r d e r  to e l imina te  the  zero a t  s = -2 ,  t he  C ( s ) / R ( s )  t h a t  mus t  be 

r e a l i z e d  is again 

450 (s+2) C ( s ) / R ( s )  = ----- 
(s+2) i (s+$ 4 321 (S+2j) 

(2.7-2) 
= - ____ -450L!!+2)-- 

s4 + 33s3 + 230 s2 + 786s + 900 

The u l t i m a t e  design conf igura t ion  is shown i n  Fig.  2.7-lb. We d e s i r e  t o  

pick 61 a t  the  o u t s e t ,  so t h a t  t h e  s i m p l e r  procedures a s soc ia t ed  with the  

s imples t  case can be used i n  the determinat ion of a l l  of t h e  k ' s  and K. L e t  

us begin  to p l o t  t h e  root locus  of G ( s ) H  (6). The open loop poles  of G ( s )  

a r e  known, and the  d e s i r e d  closed loop po le s  are a l s o  known. 

G (s) a r e  always cancelled by the  poles  of H ( s ) ,  and hence these  zeroes  do 

no t  appear on the  s plane p l o t  of G ( s ) H  (s).  The open loop poles  of G (s) 

and t h e  closed loop poles  of C ( s ) / X ( s )  a r e  ind ica t ed  on Fig. 2.7-2a. We have 

i 

eq P 
The zeroes  of 

P eq 

eq P 

y e t  t o  choose 6 If 6 is chosen t o  be -2, then t h e  only way i n  which a c losed  1' 1 

loop po le  can a l s o  be loca ted  a t  -2 is  t o  have a zero of H (s) a t  s = -2. 

This  is i nd ica t ed  i n  F i g .  2.7-2b. It i s  immaterial t h a t  G ( s )  now has a po le  

eq 

and a zero  both a t  s = -2, and this may r ep resen t  a confusion f a c t o r ,  s i n c e  H 

w i l l  a l s o  have a po le  and zero  a t  s = -2. 

( 8 )  
eq 

The primary p o i n t  being made is t h a t  

to i n s u r e  a c losed  loop po le  a t  s = -2, t h i s  may be done by p u t t i n g  a p o l e  of 

the  compensator a t  t h a t  same place. In o r d e r  t o  s a t i s f y  t h e  r o o t  locus  requi re -  

ments, a ze ro  of H (6) must also l i e  i n  t h e  s a m e  p lace .  
eq 

I n  Fig. 2.7-lb, all of the  poles of t he  open and c losed  loop t r a n s f e r  

func t ions  are ind ica t ed .  As far as t he  drawing of the  root locus i s  concerned, 
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.X-X* 
-25 -2 0 1 5  -1 0 -5 

Fig. 2.7-2a. The open loop poles of C. ( s )  and t h e  closed 
l oop  poles of c ( s ) / ~ ( s ) . ’  

0 

. 
F i g .  2.7-2b. The addition of the pole 6 at s = -2 1 

zero of H (SI. 
er, 

83 

, 

and r h c  necessary 

Fig. 2.7-2c. Known branches of t h e  roo t  locus .  
through the points  s=-3+ 3 3 .  

Branches -must ?ass 
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t h e  p o l e  zero p a i r  a t  s = -2 do cancel each o t h e r ,  al though a c losed  loop  p o l e  

does ex is t  a t  t h a t  l o c a t i o n .  

branches are ind ica t ed  on Fig.  2.7-2c. 

From a knowledge of t h e  r o o t  l ocus  method, t h e  

Thus f a r  t h e  des ign  may b e  considered as t e n t a t i v e .  We have chosen t h e  

p o l e  of t h e  compensator a t  s = -2, and w e  are simply looking t o  see i f  t h i s  i s  

a l o g i c a l  choice. In o r d e r  t o  complete t h e  r o o t  l ocus  of Fig. 2.7-2c, two 

more ze roes  or' H i s j  must be added. i n  o rde r  t o  i n s u r e  t h a t  t h e  branches 

of t h e  r o o t  l ocus  pas s  through the p o i n t s  s = -3 2 13, i t  seems reasonable  

t h a t  a set of complex conjugate  zeroes m u s t  e x i s t  somewhere i n  t h e  v i c i n i t y  

of s = -3 5 33. The exac t  l o c a t i o n  is  n o t  known, a n d  w i l l  no t  be u n t i l  H ( s )  

i s  determined. 

a t  s = -2 w a s  a reasonable  one, and t h e  system has  been reduced t o  t h e  s i m p l e s t  

case. 

eq 

eq 

But i t  is  concluded t h a t  t h e  choice  of t h e  compensator po le  

Two methods of proceeding are now apparent .  We may treat t h e  problem 

as a problem i n  t h e  s i m p l e s t  case, and thus  realize t h e  d e s i r e d  C ( s ) / R ( s )  

e x a c t l y .  

ze roes  of H ( s ) .  Then H (6) would b e  s p e c i f i e d  completely, and K would be  

chosen f o r  zero  s t eady  s ta te  e r r o r .  The c losed  loop po le s  of C ( s ) / R ( s )  would 

n o t  be  e x a c t l y  as d e s i r e d ,  depending on t h e  guess of t h e  remaining zeroes  of 

He,(s). 

l o c a t i o n  of t h e  zeroes of H 

t h i s  t ype  have been worked. Both s o l u t i o n s  are inc luded  below. 

An a l t e r n a t e  approximate approach would be  t o  p ick  t h e  remaining 

eq eq 

In  t h i s  case it should not be  too  d i f f i c u l t  t o  guess t h e  approximate 

(s), p a r t i c u l a r l y  a f t e r  a number of problems of 
eq 

L e t  us treat  t h e  problem as one of t h e  s imples t  case f i r s t .  Then K and 

t h e  k i l s  must be  f o m d  t o  r e a l i z e  C ( s ) / R ( s )  e x a c t l y .  

of Fig.  2.7-lb G ( s )  i s  

For t h e  conf igu ra t ion  

4K 
s (s+4) (s+8) 

G ( s )  = - 
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and H (s) is  
eq 

k4s  + (l?k4 + 4k + 4 k 2 )  S 2 i 3  
3 

so that  

( 2 . 7 - 3 )  

where 

A - 14 + Kk4 

B = 56 + K(12k4 + 4k3 + 4 k 2 )  

C P 64 + K(32k4 + 16k3 A 8k2 + 4 )  

D * 8K 

By equating c o e f f i c i e n t s  of l i k e  powers of s i n  Eqs. 2.7-2 and 2 . 7 - 3 ,  the 

r e s u l t i n g  values of R and the k 's are  i 
K = 450/4 

k2  = 6 0 / 4 5 0  

k 3  = -114 /450  

k4 = 76/450 

For these  values of the k i ' s ,  H (s) is 
eq 

H e q ( s )  = ---_I--------- 76s3 + 696s2 + 288s + 3600 
4 x 450(s+2) 

= 19(s+2)  f (s-s-3-.28]-?+ ( 3 .  3)21 
450 (s i -2 )  

The r e s u l t i n g  root locus i s  shown in F i g .  2 . 7 - 3 .  

s = -2  is not shown on this diagram s i n c e  i t  does not appear i n  C ( s ) / R ( s ) ,  

as i t  i s  cancelled out .  

The closed loop pole a t  

This is  an important point .  
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Let  us examine the maqnitude of t h e  e r r o r  t h a t  would have occurred i f  

t h e  p o l e  l o c a t i o n s  of H 

t i o n  t o  t h e  p o l e  a t  s = -2.  

else. 

the  drawing of t h e  r o o t  locus ,  these  are no t  i nd ica t ed  on t h e  s plane.  

root locus is i n d i c a t e d  i n  Fig. 2.7-4. 

poles are chosen t o  be those  near  the d e s i r e d  c losed  lonp poles. 

of choices are possible. On t h e  f i g u r e  w e  have chosen t h e  complex conjugate  

po le s  t o  have t h e  same real Dart  as t h e  d e s i r e d  closed loop po les ,  and t h e  

imaginary p a r t  is  3.4. This is higher  than t h e  des i r ed  va lue ,  b u t  not  much. 

I f  t h i s  dev ia t ion  is too  g r e a t ,  then one might choose a d i f f e r e n t  set of 

ze ro  l o c a t i o n s  f o r  H ( 8 ) .  For the  c losed  loop p o l e s  as i n d i c a t e d  on Fig.  2.7-4, 

t h e  g a i n  is determined from the root  l ocus  diagram t o  b e  11.3 ,  and t h e  remaining 

closed loop p o l e  is at s - -17.5, determined g raph ica l ly .  These va lues  seem 

s i g n i f i c a n t l y  d i f f e r e n t  from t h e  des i r ed  ones,  found e x a c t l v  j u s t  above, t o  

d i c t a t e  a redesign.  This  may be done q u i t e  s imply,  and even without  choosing 

new va lues  for t h e  zero l o c a t i o n s  of C ( s ) / R ( s ) .  J u s t  increase t he  pain until 

t h e  ga in  i s  a des i r ed  value.  o r  u n t i l  t h e  po le  a t  s = -25 is  r e a l i z e d .  Note 

t h a t  i n c r e a s i n g  t h e  ga in  he re  gives  a h ighe r  damping r a t i o  and a s t i l l  faster 

response,  so t h a t  t h e  usua l  problems t h a t  are a s soc ia t ed  with inc reas ing  ga in  

are n o t  encountered i n  t h i s  problern. 

( s )  had been ~ Z S . ~ I  t o  be a t  s = -4 + 3 4 ,  I n  addi- __ eq 

This i s  now a r o o t  locus problem, and not  much 

Since t h e  pole  and zero,  and c losed  loop pole ,  at s - -2 do not  affect  

The 

The complex conjugate  c losed  loop 

P, s*ber 

eq 

This  last problem b r i n g s  out two i n p o r t a n t  po in t s .  One need no t  use t h e  

H (s) method a t  a l l ,  and one need n o t  des ign  t o  a s p e c i f i e d  C(s)/R(s). Any 

des ign  procedure wi th  which the  designer  is f a m i l i a r  may be used. I n  a d d i t i o n  

t o  t h e  p o l e s  of t h e  given plant, (n - 1) zeroes are a v a i l a b l e  from H 
eq 

Any procedure whatever may b e  used t o  p o s i t i o n  t h e s e  zeroes  i n  an  advantageous 

fash ion .  The preceeding s o l u t i o n  made use of t h e  r o o t  l o c u s  diagram, because 

eq 

(s) 

1 
I 
I 
1 

., 
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The des ign  might have w e  were s t i l i  th inking  i n  t e r n  of c losed  loop poles .  

been completed on t h e  Bode. Nyquist, o r  Nicholes  c h a r t  as w e l l ,  t o  any design 

c r i t e r i a  t h a t  is  s u i t a b l e .  The presence of t he  (n - 1) zeroes makes the  

r e a l i z a t i o n  of t h e  system s p e c i f i c a t i o n s  immeasurably easier than if an 

ac id i t iona l  p o l e  had t o  be added every t i m e  a zero  was needed. 

The second p o i n t  is t h a t  t h e  des ign  s t a r t e d  by i n i t i a l l y  a l t e r i n g  t h e  

open loop t r a n s f e r  func t ion  of the  a p t e m .  

w a s  l o c a t e d  a t  e x a c t l y  t h e  s p o t  where a c losed  loop p o l e  w a s  des i r ed .  

t h e  l i m i t ,  one might l o c a t e  a l l  of t h e  open loop poles  where t h e  c losed  loop 

po le s  are des i r ed ,  and then p l ace  t h e  zeroes of H (s)  a t  these  same l o c a t i o n s  

Then t h e  c losed  loop po le s  would remain a t  a f i x e d  l o c a t i o n ,  independent of 

ga in .  This  is  t h e  procedure used i n  the  next  example. 

Spec i f i ca l ly ,  as ope-, lrop pole 

I n  

eq 

The a d d i t i o n  of series compensation, even poles without  zeroes, has no 

d e s t a b i l i z i n g  e f f e c t ,  as long as the  compensator s ta te  v a r i a b l e s  are fed  back. 

Because of  t h i s  f a c t ,  any amount of series compensation may be added. 

This example w a s  considered e a r l i e r  in Sect ion  2.4 t o  show t h a t  s t a b i l i t y  

for a l l  ga in  is n o t  n e c e s s a r i l y  an inhe ren t  c h a r a c t e r i s t i c  of s t a t e  v a r i a b l e  

feedback. The p l a n t  i s  given as 

1 

and fs p i c t u r e d  aga in  i n  Pig.  2.7-5a. The des i r ed  c losed  loop response is 

(2.7-4) 2 
P -  

2 C ( s ) / R ( s )  * -- 
s2 + 2s + 2 [(s+d + 121 

As shown i n  Sec t ion  2.4, t h i s  response can be r e a l i z e d  wi th  no series compen- 

s a t i o n  by p l ac ing  a zero  of H 

i s  t o  in t roduce  series compensation t o  modify the  p l a n t  c h a r a c t e r i s t i c s  so 

t h a t  r i g h t  h a l f  p lane  zeroes  are not necessary.  The open loop po les  are t o  

be  loca ted  a t  t h e  d e s i r e d  closed loop po le  l o c a t i o n s ,  so  t h a t  t h e  zeroes  of 

(s) i n  t h e  r i g h t  h a l f  s plane.  The o b j e c t  he re  
eq 
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I t 

4 s+4 3 1 
X x 1 

Fig. 2.7-Sa. The plant to be c o n t r o l l e d  such t h a t  C(R)/R!s)Js 
as given i n  Eq.  2 . 7 - h  

v 

X 1 
s+l + 

T- I 1:;. - 2 . 7 - 5 0 .  Yodificatinn of t?ic open loop transfer function to 
rea l i ze  the d e s i r e d  open loop transfer function. 

- 1  - 
S+l s3.4 S 

2 
* 

i.'ig. 2.7-5. Modif icat ion o i  thc p l a n t  open l o o p  transfer functtnn. 
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H ( 5 )  may 5 s  loca ted  a t  t h e  same place .  
eq 

I n  o rde r  t o  l o c a t e  the open loop poles  at s = -1 - + 51, series conpensation 

is  introduced as in Fig. 2.7-Sb. "he s t a t e  v a r i a b l e  a t  x is redundant,  and  3 

the open loop t r a n s f e r  func t ion  from the  input  t o  x is l/(s+l) 2 . Feedback 2 

around t h i s  elenent resu i t s  i n  the complex conjugate  r o o t s  s = -1 5 jl, as 

des i r ed .  

It is now necessary t o  use  state verizble fsec2bacic to realize t h e  des i r ed  

c losed  loop response. This is done i n  Fig.  2.7-6. For t he  system of Fig.  2.7- 

6 , Heq(s)  is 

Since the zeroes of H ( 8 )  are to l i e  on t h e  des i r ed  c losed  loop poles ,  Heq(s )  

mus t  equa l  Eq. 2.7-4.  

=q 
This is e a s i l y  accomplished if 

1 
k2 = 2 
k4 = 5 1 

The e f f e c t i v e  system, with a l l  inner loops removed and H 

p i c t u r e d  in Fig. 2.7-7. 

The f i n a l  c losed  loop poles are loca ted  a t  s = -15 j l ,  and an a d d i t i o n a l  po le  

exists along the nega t ive  real axis. 

n e g l i g i b l e  by using l a r g e  gain K. 

poles is independent of K. 

( 8 )  i n  evidence is 
eq 

The roo t  locus f o r  t h i s  system is shown in Fig. 2.7-8. 

The e f f e c t  of t h i s  po le  may be made 

The l o c a t i o n  of t h e  complex conjugate  

I t  is i n t e r e s t i n g  to examine the Nyquist diagram for G ( s ) H  ( s ) .  This 
eq 

is shown i n  F ig .  2.7-9. 

than 1. 

Notice t h a t  t he  r e t u r n  d i f f e r e n c e  is always g r e a t e r  
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2.8 Conclusion 

This chap te r  has  o u t l i n e d  a d e s i p  procedure c a l l e d  t h e  H equ iva len t  

method. The H equ iva len t  method u t i l i z e s  state v a r i a b l e  feedback, and is 

c h a r a c t e r i z e d  by the  fol lowing p rope r t i e s :  

1. The des ign  cri teria i s  the d e s i r e d  c losed  loop response,  C ( s ) / R ( s ) .  

2. The d e s i r e d  c losed  loop response can be  r e a l i z e d  exac t ly .  

3. The only mathematical  tools necessary  are t h e  usual tools of t h e  

c o n t r o l  engineer ,  t h e  Laplace t ransform and t h e  frequency domain. 

4. The implementation of che design procedure r e q u i r e s  t h a t  a l l  of t h e  

v a r i a b l e s  be fed  back through cons tan t  elements.  For tuna te ly ,  these 

feedback c o e f f i c i e n t s  are o f t e n  less than one. 

5. A method of minor loop equa l i za t ion ,  i n  which dynamics are included 

i n  the feedback pa ths ,  r e s u l t s  i f  one or more of the state variables 

are unavailable. 

9s 

In v i e w  of t h e  above Nyquist  diagram, cons ider  t h e  case in which t h e  

galn K is n o t  a l i n e a r  ga in ,  b u t  is nonl inear .  Then, i n  o rde r  to use the 

Popov s t a b i l i t y  c r i t e r i a ,  i t  is necessary to draw a modified Nyquist diagram, 

where t h e  real p a r t  of t he  func t ion  being p l o t t e d ,  Y ( j u ) ,  is equal  t o  t h e  

real p a r t  of G ( j w ) H  ( j w ) ,  and the imaginary p a r t  of W ( j w )  i s  equal  t o  

WG(jw)He,(jw). The shape of t h e  r e s u l t i n g  p l o t  of W(jw)  is  i d e n t i c a l  to 

t h a t  given in Fig- 2,?-9. Tr? sfiort, ft is ---- y v 3 ~ P 5 h  t o  draw a Popov iine 

i n d i c a t i n g  g l o b a l  asymptot ic  s t a b i l i t y  for any s i n g l e  valued n o n l i n e a r i t y  

l y i n g  in t h e  f i r s t  and t h i r d  quadrant,  and whose va lue  f o r  zero i npu t  is 

zero.  Thus, t h e  s ta te  v a r i a b l e  feedback used here  has  proved t o  be effec- 

t ive i n  r e a l i z i n g  t h e  d e s i r e d  response i n  t h e  l i n e a r  system, and i t  has a l s o  

proved t o  be e f f e c t i v e  i n  s t a b i l l z i n g  a class of non l inea r  s y s t e m s .  

serves t o  in t roduce  the  s u b j e c t  of t h e  nex t  chapter ,  namely t h e  o u t l i n e  of 

future work. 

eq 

This 
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Fig. 2.7-9. The Nyquist diagrarn c o r r e s p o n d i n g  to G ( s )  E! ( s )  of 
A plo t  a t  the  Fopov function h'pyw), is FLg. 2 . 7 - 7 .  

identical i n  s h a p e ,  t h a t  is, it l i e s  along the. n e g a t i v e  
imaginary axis. 
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6. I f  none of the s ta te  v a r i a b l e s  are a v a i l a b l e  except  t h e  output ,  t h e  

method reduces t o  t h a t  of Guillemin and Truxal.  

The H equ iva len t  des ign  procedure i s  s i g n i f i c a n t l y  d i f f e r e n t  from many 

convent iona l  design procedures. Often convent iona l  design procedures r e q u i r e  

manipula t ion  o f  t h e  open loop t r a n s f e r  func t ion  i n  o r d e r  t o  force a d e s i r e d  

c losed  loop response. 

or root locns diigrsm. Cmetfm,o,s tbe criteria upc= ~ h i c h  ths riodiffcations 

of t h e  open loop t r a n s f e r  func t iona re  based are also "open loop" cr i ter ia ,  

such as g a i n  o r  phase margin, and the  r e a l i z a t i o n  of  a s t a b l e  system is  of 

prime importance. 

t h e  c losed  loop s y s t e m  s p e c i f i c a t i o n ,  and t h e  open loop t r a n s f e r  func t ion  is 

never  a l t e r e d  simply t o  i n s u r e  s t a b i l i t y  requirements.  These are always 

s a t i s f i e d ,  assuming, of course,  t h a t  t h e  d e s i r e d  c losed  loop system response  

is a s t a b l e  response. 

This may be accomplished on the Nyquist, Bode, Nichols,  

I n  c o n t r a s t ,  the €3 equ iva len t  method d e a l s  d i r e c t l y  wi th  

For these reasons  and because the 6 p r o p e r t i e s  l i s t e d  above are h igh ly  

d e s i r a b l e  from e i t h e r  a practical o r  a t h e o r e t i c a l  p o i n t  of view, i t  i s  t h e  

a u t h o r ' s  f e e l i n g  t h a t  des ign  procedures as o u t l i n e d  in ch i s  r e p o r t ,  or  c l o s e l y  

r e l a t e d  t o  t h e  i d e a s  presented  here,  w i l l  soon replace t h e  convent iona l  c u t  

and try procedure8 o f  p i ck ing  series e q u a l i z a t i o n .  



This  r e p o r t  has  out l ined  a method f o r  t he  syn thes i s  of s i n g l e  inpu t ,  

s i n g l e  output ,  l i n e a r  control systems t h r a ~ g h  ?lie use 01 siarre v a r i a b l e  

feedback. Perhaps t he  most important con t r ibu t ion  made he re  is  u t i l i z a -  

t i o n  of the familiar frequency domain techniques t o  implement the  conanand 

of modem c o n t r o l  theory,  t h a t  i s  t o  feed back a l l  of the  s t a t e  v a r i a b l e s .  

The outs tanding  f e a t u r e  of s t a t e  v a r i a b l e  feedback i s  the complete l ack  

of concern f o r  t he  s t a b i l i t y  of the resulting design.  And not  only i s  

the  r e s u l t i n g  system s t a b l e ,  but  any C ( s ) / R ( s )  t h a t  does not  r e q u i r e  a 

smaller pole-zero excess  than e x i s t s  i n  the p l an t  t o  be c o n t r o l l e d  may be 

r ea l i zed .  Since (n - I) zeroes  a re  a v a i l a b l e  i n  H ( s ) ,  i t  i s  poss ib l e  
eq 

t o  always in su re  t h e  r e t u r n  d i f f e rence ,  1 + G(s)Heq(s), is always g r e a t e r  

than 1. 

s u l t i n g  system i s  t o  be optimum for  a quadra t ic  type i n t e g r a l  performance 

index. 

I n  terms of modern con t ro l  theory,  t h i s  i s  necessary i f  t h e  re- 

The design procedure out l ined  i n  Chapter 2 i s  predica ted  upon the  

d e s i r e  t o  r e a l i z e  a s p e c i f i e d  C ( s ) / R ( s ) ,  and a t  the  same t i m e  i n s u r e  

s t a b i l i t y  f o r  any ga in ,  K, where K i s  the  gain element loca ted  i n  the 

l e f t  hand most block of the open loop system. 

out  that the  r e s u l t i n g  system is not n e c e s s a r i l y  s t a b l e  f o r  changes i n  

ga in  i n  o t h e r  p a r t s  of t h e  system. I n  a conventional c o n t r o l  system 

wi th  only output  feedback, t he  loca t ion  of gain wi th in  the  loop i s  no t  

important.  Here,where many feedback pa ths  a r e  u t i l i z e d ,  the  l o c a t i o n  of 

gain i s  important ,  as c l e a r l y  the gains  of t h e  var ious  blocks in f luence  

the  l o c a t i o n s  of t h e  zerdes  of Heq(s). 

It i s  important t o  po in t  

Hence, i t  i s  now f e l t  t h a t  an  

98 
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i n o r d i n a t e  amount of a t t e n t i o n  was paid t o  t h e  r e a l i z a t i o n  of s t a b i l i t y  

f o r  any K. More a t t e n t i o n  must be d i r e c t e d  t o  des ign  procedures t h a t  

r e s u l t  i n  s a t i s f a c t o r y  response for  v a r i a t i o n s  i n  o the r  of t he  system 

gains ,  a s  t he  Ki's, o r  the  ki's. Of course t h i s  i s  j u s t  a p a r t  of an 

o v e r a l l  s e n s i t i v i t y  problem, wherc any of the  system pa rane te r s  may be 

assumed t o  vary. 

t o  variations in  p l a n t  parameters i s  thus  an  important area f o r  future 

i n v e s t i g a t i o n s ,  and, i n  t a c t ,  work in this area i s  a i r eady  underway. 

It w a s  noted above t h a t  t h e  concent ra t ion  on the r e a l i z a t i o n  of 

The genera l  a r e a  of s e n s i t i v i t y  of the  system response 

a s t a b l e  system f o r  any R may have been unfor tuna te .  I n  another  sense ,  

i t  was q u i t e  f o r t u n a t e ,  a s  the  r e a l i z a t i o n  of s t a b i l i t y  f o r  any ga in  

se rves  t o  in t roduce  the  use of s t a t e  v a r i a b l e  feedback techniques i n t o  

t h e  des ign  of nonl inear  systems. It was noted a t  the  end of Chapter 2 

t h a t  t h e  presence of ( n  - 1) zeroes  i n  H ( s )  made i t  q u i t e  easy t o  

s a t i s f y  the  Popw s t a b i l i t y  c r i t e r i a .  

i n t e n t i o n a l l y  nonl inear  systems, where, f o r  exaqple ,  the  input  may be 

forced  t o  s a t u r a t e  i n  order  t o  a y o i d  s a t u r a t i o n  phenomena of the power 

elements i n  the loop. I f  the  input  s a t u r a t i n g  elerlent has a very  h igh  

ga in ,  t h i s  elerlent then looks l i k e  a r e l a y ,  with a switching hypersurface 

def ined  i n  n space by the  feedback c o e f f i c i e n t s  of a l l  of t he  s t a t e  

v a r i a b l e s .  A PhD t h e s i s  concerned w i t h  t h e  s y n t h e s i s  of nonl inear  

systems through the  use  of s ta te  v a r i a b l e  feedback w i l l  be submitted 

as a p a r t  of t he  next  r e p o r t .  

eq 

This  sugges ts  the  des ign  of 

One f u r t h e r  a r e a  of i n t e r e s t  i s  ev iden t  f rom the problem s t a t e n e n t  

given as t h e  f i r s t  sentence of this chap te r .  

no t  f o r  s i n g l e  i n p u t ,  s i n g l e  output systems, b ~ t  f o r  systems wi th  m u l t i p l e  

i n p u t s  and outputs .  

The u l t i m a t e  concern i s  

I n  the  nuclear  rocket  problem, f o r  i n s t ' iXe ,  t he  



the c o n t r o l l e r s  that  are included w i t h i n  t h e  main loop. However, t h e  

overal l  system being c o n t r o l l e d  has two i n p u t s  and two outputs .  It i s  

f e l t  t h a t  work on the m u l t i p l e  input ,  ou tput  system should be guided a t  

least  i n  p a r t  by t h e  results of the s e n s i t i v i t y  i n v e s c i g a d o n s  mentioned 

above. 


